Linear Algebra Done Right Chapfer L
Example 14 Show fndt ab=ba for all abeC

XY,z W ER. So ab= X ty)(z+Ww) = (K2-yWw) + (KW +y2)i =
(Zs—wy)+ (zy + wx)i = (Zrwi)(xtyi) = ba. O

1.A.1 Suppose a and kb are real numbers, not koth 0, Find
real numbers ¢ and d such tuat 1/(a+bid=ctdi.

Then 1= (ask)(c+di) = (@c—kd)+ Cad+bc)i, Smce 1= L10i =

(ac-po )+ (el +bedi, we kuow thet ac-bd = 1L and ad+be =0,

Selve both eguations for ¢ to get kd+l _ _ ad Mal tiply
oA b

 koth sides loy' ab fo get b(bd +1) = -0%cl. So Kd+h=-ad.
 Add .a?c/*b Yo both sides To 'gle -b= b’ +a?d = d(a*+k?).
Finally, divide koth sides by a*th? Yo see thut d\‘;""b“'” :

a*6*

We revisit the eqaqh‘o\ns’ ac-bol= 1 and ad the =0 and Hys
Yme <colve both for ol to _ge’r ge-1s . be| Mu[ﬁ'pfy both

sides by abh to gef b'c = a@c-1) = a*c A& ~a. Aol +bC +
o hoth sides fo obtain o =ac+b’c = @+b*)e. To finish,.

divide bath sides loy ar+ b®> o see that PR Y
| ath*

So ¢ = a/Cab?) aud d=-b/la4e?). O
1.A.2  Show that (-L#433)/2 is a cabe yoot of 1.

13 AraE | AEL _ 2o B SOy
2. . ot Tt vy 2 o L0 e BT,

1.A.3 Find fwo olisfinct square roots of i.
VT g and -5 —VE; e ap



Linear Alaebra Done PQH 1.4,
LA.6 Show that (alo)c. a(bc) for all a,locéc

Then o= x+vi, b= Z+W, awd C=r+$: (30\/ some  x,yz,w,r,s €R.
So @b)C = ((x+¢)(Z+wi)e = ((xz= yw) + (xw+y2)i )(F+5i) =

((xz-yw)r — (xw+y¢2)5) + ((Xz-yw)s + (xw+yz)r); =

(XZr-ywr = xw$=yz6) + (Xzs+ XWp+yzl=yws)i=

((zr = wS)x ~ (wr+z$)y)+((zr WS)y'f'(WY'\*ZS)X)\—

x4y )((zZr=ws) + (wr +25)i) =4 a((z+w(r+si)) = albe), [

1.A.7 Show H’qu for every a GC, :’rh.’ere,/ exists a uniqye beC
sdch that a+b=0. | | | - R

‘Leijf X + y € C Then Xy € R. Observe (x+y;)+ ("‘:7(“}/1')": <><—,><>+<yj-y;;,- ::i
0+0i=0. Sipce "Xy eC, we have the desired result; O

LA8 Show that for evepy aeC with a #0, there exisTs a
unigue b€C such that ah=1. , |

Let (x+yi) €C. Then X,y ¢ R. s Obgerve
O (R~ (Rl :((»?f:; ) 2 (7~ 25)) 7

[ X242 -
(Xzfyz) +(X¢/V) L Ol = l
(.)L. 5 a comp ex numbe(‘, ve hae. the desived

5{Vlce

><z+y2 XZ*}’ 4

result. O
1A.9 Show that cla+6) =ca +cb for all a,6,¢ C.

Let a+bi ¢+di, x+y: €C, We must  show that o
(><+y1)(q+b«>+(c+o/)3 = (x4yi)(a+hi) + Gt (x v yi)(c+di), Obse,,/é
ez AT IECYIBEY  (<ty;) (046 + (£ €0l [ R
(><+</,)((q+c) +(b+o{) )= (@)= ylb+d)) + (x(htd) + y(a+c)i S
(xa+xc—yb ‘}/0(7 + (xb + xd tyq + yo)=

((xa Y03 4+ (x¢.~pd)) + (K0 +ya) + (el + peyi = |

ARAURHGIR ((xo-y0) + (xb+yo);) +((xc-yd )+ (xdl+ye)i ) =
(><+y.)(a+!o,7w-(x+s/,7(c+d> a
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1.A.10 Find x€R* such that (4,-3,1,7)+ 2x=(5,9,-6,8).

= (L,6,-3,%), Obseve (4-3,1,7)+203,6,3,8)= (4,3,1,7) +
(1,12,-7,1)=(5,9,-6, 9.

1. A 11 Explain why Hiere does not exist x €€ such that
x(2-3i, z,-w. —6+7.)a(12 Gi, 7+22i,-32-9i),

AT Hie purposz. of contradictin 3 et Such petomptex
,r\umloe‘r PT{:@\ (12-6;, 7+ZZ.,—32?01> -_, 6+ 7) =
_(PQ(Z.Q;),x@a—q,) 0 /m lies that — 3] and

7+22i = x(5+Y4i). go)V '*"\4 equat igue < +o see that = -
(12-50)/(2-3) = x = (7+ 22} \'/.. : he mulhpl;qu\\/e inverses
of -3 OIVICI 5_+‘*i| / HP a’ qt/td gk, Theyeporej

_(12 gl)(l"; ') +22:)Cq-| »H; o A% 3’\'21 e ?3 \l':?‘, :
v )’i‘ 36 12 5; Cr; 3! 7 X_':'- _ 5"" atd ¢
(;f p? ;; 51), =

‘_\‘

Assume, for the purpose of contradicting, that such a complex
vndmber # x exists. Then (12-51, 7+ZZ;,—%2 451 v,

X(2-3; §+b, =6+ 7i) = (x(2- 3) ) (5+4D), %(6t7)) tmp;es gt
12-4i= x(2-3i) and <32-7; = % (647 Solve. bobh equations for
‘% to see thqt (12- 5 W (-3 = % ={-32- o[ )/( é‘f7\> The mq/f,/)hcqfne
inverses. ow“ 2 =3 a_ﬂo{ 6+7l, dre gt AR Tt R =131 Ts cmo/

.—-——.——

“6*7* 6+72' 96+4°l 3&%'“’35 Z2l f€9peCJﬁve|y

SerV€ :26 .,,, 7 C%"T%7 "ﬂ"""' 73 :“
(12 5,)/(237 x = (-32=9 ——-'—'fr s i) =
GE2)x 2;7,?5!': (.
Observe 3+2i = S %= (B 5+ (B-5 e (19s A+ L) =
(12-5i2/(2-3; 7{: = =30 Or )/(~6+7.>»(32°{)C f-gi)=

2

'sqcf‘gﬁ +(%E+ 58] i’s% But since ERVIEE 7 we
have our desired cw’rrad:choﬂ Iz

Note tnt 18 =329 had instead been 32+ %, %=3+2i
WO«G( fave been A vali solution.
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12. Show that x+yr+ 2= %+ y+2) for al] xyzeF".
,(X—t-y)-r 7 .a((x,, ol z&h‘)Jr(y” th))-;-z z =(xty . ,xn+y,,)+ Z 5 ,zyh
(x PR ey R ¥ Yy ¥ 2,) F K, ) Y (Y42, e, Yt 2,) =

* Yy ) (3,0, Z,)) = X4 (y 5 2)
13 Show Hhat (ab)x = albx) for all x & F" and a,b & F.

(@b)x =(ab)(x,,..., x,) = <qu;,..,, abxn) = A%, ooy %) = alb(x. )y X)) =
albx)

4 Show that 1x=X for all x éF

:17(" 7-<XI/ °) Xn) - (lx,, ZX ) ~0Q;/ /XH)")( P
15, Show that a6x+y) ax+ay for all o &F and qfl ‘x,yéF" |
Aalx+y) = a(x, .. vy X+ Cyy ,y,,>) alx + Yo, -- /me,n% | o
(atx+yp), .. /a(xnwn))—(ax‘*ay., 0 X+ Ays) = (0%, A ) + . O =
ARy, Xn) Al Vi) = X5 ay

16. Show that (a+b)x=ax+bx for all ape F and all x € F".

VY @+h)x = @HB)(X, ..y %) 2(OH0), .., (A+6)5,) = (0 +bx, ... Oortx)
= (%, .. ,ax,,)+(bx,, ,lox.,)‘a(x,, ,x,,)+b(><., Ky )= 0X +hx

]_ B DEFtﬂl+IOW o‘p VQC+Or SPQCQ.

Example 1,24 F* is o vector space

Frsk, we show taak E° i comwhhvé Let 4 £F° Let x€S.
F+9)0) =2 £60+9(x)= 9N+ L) =(g+F£) (). lherefore Ptg = 9tf

Next, we show that F* is asﬁoc«ahve Let f,o,héF° and abeF.
Then RBIPGNAD (F+9) +h) () = @49)(x) + h(x) = 10O+ + hoxo=
flx) + (gM)Oﬁ) &= (('7'(' Cﬁ—f—h))(x) for all xeS. Adld, "‘nOna}}/ ((ab) ) (x)=
@Bf<> = al(bfi)) = albfI(x> = (albf))(x) S, (Fr9)+h = €+(7+h) and (ab)=afbf).
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. The v:ad:c/iﬁ'vev:d;enffy of the vector space FP is 0€ F* which is
\ defited by 0x)=0 for a]] x¢S. Let feF. Then ($+0))= -
£+ 000= £0) for all x£S. Therefore, £ +0=+ ,. '

Now Q/@j show  that :Jrhe_ is an :ac/}:/}fivez inverse. for e()ery é(emehT
of F°, Llet £€F°. Choose -1f a5 the inverse. Then (F+-1f)(x)=
ic«v +{f)x) = £0) + 146 = £ ~f (x> =0 = 00D, There fore,
THIrEs.

Since. dor every FEF° and every xe S (M) = 1£6)= 10, we. kmow-
tuat 1f=F, Thevefore 1 is a mulfiplicative {o(enf,‘%y {or the veclor
SpOceoctE s ¢ e & oy ek 9 e’y

Finally, ]l thal remaing is Yo show Ahat F theys the clistributive
oropertyy properties of a vector cpuce. let ab&F and figeéF’.
Wntalp®ap Lef x €S Then (alf+9)00) = a(f+9)(0) = a(f(x)+g(x) =
afx) + ag(® = @)@ = (@f+a9&. o af+9)=af +ag.
Additionally, ((at0)£)(x) = (a+k)f(x2.= afedT b0 = @f)e) r OO =
(af +f)(x), which implies «(ate) 2-af tbf,.

}Basediowy, %N %e ,afoper+;‘€6 Prbuecl“abotle, we "MOu/ {’Wt{’ F'.'j ,9 q
vector space. [J S | e S |

1 Prove thet =)=V for Wery véV,

~EvrE~1(-1v) 2 Y(;;,:&)g:&i Q@Q{h&; "

2 Suppose wé P, veV, and Bu=0. Prove that azo or v=0.
T gz o0, thor we would Wave cur desited. Therefore, we way
assume o #0. Then v=1v=(F)v =(& av=Fa=E0=0.

3. Suppose vw &V. Explain why there exists o unigue xeV
such that v+3x=w. _ |

Let l.><,y4,6\‘,/ such Hhat V= aud VV+,3>I,/ 2w, We must show that
X =y. 9tte Notice that vidxzw=Vd. Add ~v_ to boll sides to
get 2x =3, Then x=1x= ($:3)x = 5602 332 (5-3) = Ty =p
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4. The empty set is not o s/ecf:ar space. The emﬂy et fals
to satis{y only one of the requirements #w listed in 1.14.
wWhich one?

Additive ideqtity. Thete is no #adt elewment 0¢ & such tHhat
vto=V for all veo. \

b. Let & “”‘7{, =g deﬂo'fe "'W@ J:‘s*incf objeafs/ neither 0{3_ ‘
which js in R. Define an qddition and scalar  malfiplication on
RU{®,-x} such that the sum and product of tup real numbers
is a5 usual, and for 1€ R define Falh 3

D At ol K X4 v co 1‘F <0 t+R=004f=00
to =40 } t=0 H®)=90 f t=0 t{Dz(d)et=-0
L Penaip g et Y TSGR SO

EPw GOSN L RASREOE O ,
Is RU{o,-} a vedtor space over R?

No. The distributive pfoperﬁ/: does ek hold becayse ~
(-1+42)0 = 19= 0 hyf (1) +200= -8+ @ =0, The gssociative.

property doec pot 4 hold because {9reeN +1= 0+1=1 but
0 [fem) bl )= Do+ oo =g

1C | Subqucesﬁ Y
Example 1.35 Verify the 4a fo&mvcﬁcrﬁ‘m..

a. It Be F, then €(x.%0%,,%¢) € F*5ym T tb} s o subspdce of
F* if and only if b=o. | RSt

Let beF and lef X=§0%, %, X5, x)EF": X,= 5%, b3,

First, we. show that if X s q subspace 'O.'P'F.“‘/ then b=0. Jssume
that X is a sabspace of F*, Notice that (0,0,b,0€ X “hecause k>5:0+b.
Since. X is closed under scalar. prultiplication, 2006020026006 X. By
the definion of X, this implies 2b=5-0+G =b. Sabtract b from both sides
fo obtain b=0. | | Bl e - 4
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Next, we show tuat it 4=0, then X is a sabspace of F*. We
must show that three conditions are mef, aSsuming b=0. |
1. O X indudes the addifive idently, 0. We kmw 0= (000,00 =
0,0,b,00€ X by the definition oft X sine 0€F" and h=50+b.

2. X is clsed under additioin. Assume that awé X, Then U=, Uy, Vs, YR
‘éx '{Mf)fej U= 5(/41’@', Sim{fquy/ WZCW,,Vz,W;..,Wd-,)é,x "'e”f us fl%%"‘,wgigw"'b- ,
Since 420, we can simlify those equations fo Us=G g qnol wp=5wy. Obsave
Hat a+W =, Uy, ) Gy wopely, Wy = (Ut Uz tin, Us s, Uy £10, ) =

(U, 41, Uy + 1wy, Tty + Gy Ug t 1) = (e, Uy ¥ i SUHWEI 0, Ut W) =

(Ut w, Uyt wsy, Sl tuy) o, UtwdE X,

2 X is cosed under scalar mulfiplication. Assame that aéF and ueX.
Then 4=, dy,Us, &) implie s That d=5u4+6=5ust0 =buy- S0 clu=
AUy, Uy, Uy, dy )= (A, Adz, QU5 AYy) tells s that all we peed fo show
et que X, is o show That ady=5ludtb. Observe auw= alu) =
Slaa)+0 = 5lau,) +b. We have our desived result L

b. The set of continous faal,l—wt/aluea/‘ Lurctions on the interval
[0,1 is a subspace of RPT.

k/e Mus’} §/10W ﬂw{f v_?lhrjee‘Co‘Ma/E‘Tl'WiU IO”’(e mef '}0 QﬁOW thf' if))je 46*'
S={FeRY. £ is contingous$ is subspace.

Fust, we knas Mt Yhe addifive identily 0€R®Y is'in S
Yecause 06)=0 for all xe R which weaps 0 is contimuous.

Next, we know that S is clpsed under addlition hecause we know
Prom caleulus tat the sum of two continuous functions js
continupus

‘AF?n‘al/y, ve know that S is closed under scalar pultiplication because.
the constnt multiple of o continyous Panction is coutinuous.

i ¢ The cet of ali#eienfi’table. re¢(~i/a|¢ed ‘,Fuwﬁ‘oné oh R s a icééfaée of R®

Snie 060 B all x6 R, 0 i5 @ comut funchion Therefore 0 is dsfirertiob,
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e mears s included in the set. Thon the sef confatis an
addifive identity. Since the set of differentible ¢ real-valual Hfypctions
is ako closed ander oddifion apd scalar (comstaud) malfiplication, it's a subspace

of RR.

d. The set of d:fferentiable real-valyed {‘anng,Tons £ on the imbena)
©,9) sach that £(22=b is q subspace of R?” if and only (f b=0.

Let S={PeROP: { is dAferantiable and $'(2)=03,

First, we show that if S is a sabspace of RY”, then b=0. S contans
g additive idenfity O defined 4y 000=0 for all x¢BP” By the comstayf
rule, # b=0'2)=0. D S
Nedt, we shaw that if b=0, then S is a subspace of R, (onsider .
0€R™? defied by 06)=0 for ofl x€(0,3. Since 0 is a constant fnchion
0 s differentpble apd 0'(2)=0=b. Therefore 0€S. Now we show that
S o closed under addition. Let €,96S. Sme f and o are differentiable,
Prg is diflerentiable. Alss, @+9)(2)7 £1@)+9'2) = 6+b=0+0=0=b, So |
G+9)€S. Finally we show that S is closed under - scalar pultiphication.
Lot 465 and let a€R. Sme £ is drfterentiable, af is differentiable. -
AddliFonally, @f}@)=af(2)=ab=a-0=0=b. Then af€S Therefore, S is
a sqbspace of & R, S ki 8
e. The set of all seguonces of complex numbers withh hmit 0 is a
subspace of C™ "

Let S be the st of all §é@uewée5 with it 0. e show 'H/wf’ S preets.
the three critery of a sabspace. ' o

._Fffs7(,v_ We show Hat S includes fhe.ad»o({five: n‘é/eﬂ%ﬁy 0. Simce O
{5 o inlinite sequence of the castanl O, we kwow the limt of the .
@ sequeme s that coustanl; 0. Therefore, 0€5. ioadl

Nexh we show that S is closed ynder adolition, Let uueS Them W
iy, st i) =gl Un+ Bz 000 = 0. Thepetore, utv €S0

:En@”y,‘. We éhou} 4 .‘S_C/&Sed Wdew éym/ar mu/f.‘Plt‘Ca’len. Ze\L (4:65 aho( %C :Thém._
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Limauz alimdn =0 020, So by all thiee of these ,éropéfr‘ef, we know that S
ie a subspace of C%. |

Example 141 Let U=1(x,y,06F" x,y €F% and
(00,206 F*: 2¢F$. Show that F? =0 &W. |
gt Observe. U+ = {0y,00+ (00,206 Fi xpz € Fi=

{oy,2)e B ixyz € P4 LA e o,

F—MJD We sl’lOU/ ﬂ’lafF'z:U‘rW Ffom aéoue, We 566 ﬂzqf’ U*‘W-C—: Fs
We shy that B7S U+We Let x=0x,%, X3 & F°. Since X,%,%,¢E F we
know that (x,x, x;5=x e{x2€ F* xyze F3=20+W. §o FP= U+ W
which, together with U+W < F7, implies F>=(+~W

e S il SRS oD.
et sum tet muret e Wl
, VAR C=th—cihd ) =l aSef/€

Vext, we show ‘HWL UrW s o diect sum. Let abel and x,yeW
Juch that atx=bry. Ue must show thal a=b ard x=y. Observe
0“"?(:,(04,,, d,, W e [0,/0/ X} = (Q,/qz/X-;,) ;OMGI b*’y = ,(bl/bxi_o)',r (0/0/,%)_ :(/’ubqy;).
Then (a,d,,55)= avx=b+y={b, b, By, which implies az=b, a,:b, and

a XZ :y?‘, The'efaqre, Q: (0(,/0(2/0) = CM(/bZ/D)Zb OlVl(/{ @07 X:.KO/O/ x;’):
(0,0, Y2>:)/s | | .

Exercices 1.C S
1 For each of the Lllowing subsets of P’ determine whether i+
1S o Subspace of F*. - T

o, {00, 5,%0€ F' 1 x,0 201 35,50

Let A=$00,%0,%)e B2 1 5,426 353208, Ve must show thaf A
meets the. three conditions for a sybspace.

Frst we show fhat A has the adolitive vleutily of F?, 0=0,00.
Since 0+2:0+3°0 =0, we know that 000-0€ A. |

Noxt we show that A is coserl under addition. Let uvé A,
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Then U+ 2u,+3uy, = 0= v, 125, + 3y, . %6702 B4y oOlscive
M-H/-—(U., Uy, U3d+ (Y, Vz,Vg = (V) Uptts, Uz Ug), Agloly hom//;/
02 0%0= U+ 2uy % 3udy + V1 20 + 305 = U+ VI) 1 QU +2y) + (Buy+3v,) =
(u, +V7+2<a2+u2>+§(ug+v3> Thofefa/e u+v eA. .

s

Finally, ve shaw tat A is closed undder sca/qr ult ,cah'om., Let
A€ P and d€A. Then ut2uzt3us =0, Multiply bot Slj by q fo see
Pt 0= al+ 24, + uy) = 0, + Zaty+ Saay . Stace au'= Al Us, Uy) =
.Ca%ﬂuz,al«l;> we l(”all ﬂdqf aqu

b. Let B=1(x, %, X)EF” x4 2x, + 3,24}

B is ndt q 5aéspace of F’ Sme 0¢20+30=0%%, ve know that
(0,0,00= 0 &B. Therefore, B does pot peet the qo(J 7[«(/6 lolerﬁ(:‘fy
condfion of a cabspoce. i

c. Let €= foxyx D EF': xxax, =03

C s mt a 5ué5 ace. pecause i+ cloes net meet Me dosed under
addition cond hom ot a subspace, Copsider (1,0,0) +(0,1 1) s ‘
(1,1,1). Since 2:0:0=0=01'1, we kuow (4,0,0),(0,1,1)€C.. But
Since 311 1?50 we know (1,1, 1)é5 o

d. Lao‘— o, %506 F 2 mielind |
Dis a sabepace of F. We 5%«/ 'H/lq-t_ D meets We Three condl w’wus
.quwbspaW, CTTOF clpeaat gl

:F"ﬁ we show 'Hfzqf’ D hq; sze aold 7L|V€ lo/ewf ﬁ/ 0{’ F 0 5141:2
0= 50, we know (0,0,0)=06EP. | ghis o

§econ0( we 5how ﬂna?L P s </0sec( uno(ef aclelition. Lé"LU,VéD
Thel/l u = 5_('{3 and V.= 5[/3 NO"‘Q Jrha(‘ u+v ,a'{uuz/(’lB)".'CV l'(2/ ;>‘
(et Uy 405, Uy +v,). Sivice UtV = Suy +Guy =5Us 1), e Krow
That atveD

Third, we show D is closed under scalor meltiplication, ket aeD. Then
.= 5u;. Since qu = (A, ady, ad3) aqud ad,= alusd= bau,, we kuow auéD.
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2 Show that the set of diffefentiable real valued functions § on
~ ue mtava) 40 sach et £'C1)=382) i a sabspace of R™P.

Let S be Yo set of such fumctions. We show that S meets the
Yree condifians of o subspace. Let x be an arbitrary element of AR
First, we show that S has an additive idenfity. let 0:(44)~> R ke
defimed by 069=0. Let {€S. Then (F40) ()= F+00) = R0 =10
Therefore” 1+ 0=F. Smelfy is o constyt function, PE 0(170=30=3f2),
which implies O€S. | - R

Next, we show gt S e cloced yuder addikon. [e ﬁ‘jéf Then
L0 =38 and 9'C1)=25(2). Then F+eD'(-1)=fCD T /(-1 =
2L() +390) = 3(£(2)+9(2)) = 3(F 19520, Theretore, £+9 € 6.

Finally, we shoy, that S is closed wnder sealor multiplication Let
A €R and et £€S. Then 'C1=3F(2). So @0z aficl)=q3f(2)
= 38(2) = 3(af)(2), Therefore af € 5. ok ek s

g Is Ra éubfspace: of the complex vector space c*

Wo, because R? is mot closed wnder comples 2 scalav multiplication-
Consider 1(1,1)= (i, 1). Then i €C amd (11)€ R hut G, 1) ¢ R

o, Is unOICRY: = b} subpce of T

Cal( the above set G. S is a sabspece of R. Since 0°<0°, we
kpgw  that (0,0,00=065. Let a€ R and let uveésS. Then . .
A=, Uy, Uy) and V= Up, V5D for Some UiV Us Vs € R Since
WUES, we kww that uizd,? awd VP2V, Therefore, U,=Uz and
Lo velenSe (,H-VF(lu.*“V,,Uz\‘f‘Vl,(/;H/g).‘ 9ice ,CM(+V¢73.;W2*’.V1)2’,/ we kow
~ fuat UtvéS. Also aus o, Uz Usd= (ad,, 0z, Ads). Since (g =uy)?,
we kugw that aué€s5. S / D o
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bk-_ Le{' S=Ua b, )&C’ a®=633. Ts $ a subspace of Clal

o, bej_@mﬁé 5 s not closed under addition. For example, considler
'<11i%1‘0)*'(11—1;ﬁ/0):(2/‘1/0)- The Ffirgt term ic in §

becuise (3o g = AEBP. The second term js n S because
: 2

Po1- (-i_—_z/_f_;)?,, However, the sum, (2,-4,0), is nat in S because
Z

2=F#-1=(f.

7 Give an example of o ronempty set USR* such that U is
closgd undey addlition and under taking additive inverses (meaning
-U €U whenever u€l), but U is pot a subspace of R

Let U=£@x,20)ER" i x amd y are infegers}. We show Hhal O is closed
uder adolition. Let (2a,2b),(%,2|) € U where ok, d€Z. Ther
Qadb)+(Ze, 20 Y= (2atde, 2b+2d) = (Naecd, 20+ Sipce atrc ard brel
are both iﬂf€7ersl (23,26) + (2c+2d ) € U, /Ho/(ff.'aﬂa/[y, since —(Qa,26)=
@a, 2 )= (26),264)) amd -a and -b are  integers, ~(2a,2) € U. Therefore,

U is closeol ander Igking addifive snverses. However, U s not o subspace .
of R® because it is ngt closed under . Scalar mu/fip/icaﬁ‘om- Considley,
$(2,2)=(1,1). We kow @2=(1,200€0, put (1,21)& U, Note, in
Wendscoht £C0y)ER? + X,y €ZF wouldve been a simpler exumple.

%, Give dm:eka»iple of a fonempty Subset U of R suck that ¢ s
closed under scalar multiplication, kut U is not a subspace of R

RETHERR Lot V=30x € R® x3=y2}. We show hat
under scalar  multiplication. Let GyyeU. Then x*=y.
Let a6 R. Then aloy)= (axay). Simce (@)= &x2=0y*=@y)", we
know that aley) € U. However, U is ot a subspace of R* because U
s not closed under addition. Consider (1,00+¢1,1)=(0,2). We kwow
(1,0,(4,0)€V because 1*=11=1. Put (©0,2)4V becaure 07=0#4:2% |

v [5: c[05éo/

—
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4 A function #:R=R is called periodic if there exists o
. positive Number p such that Fx)=f0xtp) for all x€ R. Is the
se} of petiodic functions from: R to R o subspace of RR?

Fix x a5 an ockb#m/j/ rectl namber Lo this ontive pra:of_' The set of
peridic funckions from R o R is not a suvspace because it's ot
closed ynder add ifion. o e

L RS b el HYe o, Rl e o i el
with a Perioo’ of Ar. Ue show fha'{' f s Fe/;‘od(‘c., Obser_ue_\c(x'fi)f—‘-' .
05 2n(x+1) = CoS(Zwx + 21D = €04 Zrx = £(X. LT

Sie <os and t are poth petiodic functions, cos+f must be periodic
i the set ob periodic functins were dosed under addition. However, we
Show that cos+F js pot pericdic. That |5, {here’s no positive yumber p.
such that (€05 +F)(x)=(Cos+ IXtP. Assume, for the purpos€ of
contradicting, that such a ramber p exists. Then (0s+£)(0)=(os¢f)(p)
which implies cos O + cos2p0 = CoS p + 0s2Tp, Therefore, <osp+cosdip=
1+1=2. Sirce 1 is e maximum value in the range of cos, we know
that cos p+cosip=2 mplies cosp=1=cos Zp. TThen we an infer the
following:. p =2xw and 2rp =2y for some puir of iffegers x and y.
Solve that second @quq\(/'on for p to <;7€,+ Y=P =2Zxw. ] NS
ccrsontradictiorn\betiys >N Fa Ty e\ X SOaRaNd] Divide hoth
sides by 2x (note that 2x#0 because p (s posihve) b obtain m= %‘/ i 5.
a contradiction because v is \rrational ard % is rational.

10, SuPPOSe .UlA and Uz are subsaaces_of’ V. ,Proue Hat the
wntersection U,NU, is a subspace of V.
Since U and Un are dedy subspaces of 'V, 0€ 0, ard € 5.
Theretore, 06 UNU,. Ye shw Hat UiV, s closed under
aclddition, Let uv € U,NU,. Then wvel, ard dyelz. Go. u+vél,
and v € Uy, Therefore, vty €UNU,. We show thet UUz s
- closed ynder scalay multiplication. Let o & WY, Then au €U, and
— dy €Uy, Therelore, au€V,NU;. i i el nad s
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11 Prorli ﬂ'mf the «m‘er%chom of euery CUUec‘han of Suésleaces Of
V is a subspuce of V ol

beb e 0\, /MM Let n be q /oos/f,t/e wﬁeﬁer For every integer 12 J£n,
let U; be g 5qb5pqce of \/ We must mow Mn‘ @ﬁ/b/% UpNeNUp (s
.SHbSPCtte Olﬂ V. B , , il % "‘-’ 2B Y\

. ) , NP 5:/)46, (/1 'S o 5a/49pqce of l/
we WOK/ HA& squemenf g ‘rru,e For n=1. We proceed vic i tiom.
_ASfame fhat Upn=Nte is g subspace ot V for some positive iyfeger
g We pust show Wat U0 NUeea s a subspace of V. By exercze 10,

,WE know Hat (UN-N0L) f]Uki M Us0+- A(/k-ri Is o Subspace
v. a | o

12. Prove that the uniowm of two subspaces of V. is a subspace i€
aqrd only (¥ one of tue sqbspaces is contained in the ofher.

Let Uand W be 5u1ﬂ5,oozces of . We pust show at UUW s a
Wbﬁpqce of UV if ard only if USW or WE . bod | &3 .

Bt wevalior Satil USiier WE U, then UUW is o subspace o€
V. I8 USW, then UUW=W which (s a subspace of V. 1§ WCU, then
UVW=U which is o subspece of V.. AT S

Next, we show the converse: if UUW s o sabspace of U, Yhen

USW or WEU. Assdme tiat UUW 5 ¢ subspace. 16 USW, then

we have our resulf. Thevefore, we may assume U4 W. Then theve .

must be some ueU such that udW. Let wéW. Then u+weVUW. -

So uswéU or Urw EW. Bat f ytwelW, then u= utw)-wEW yhih

contradicts u eW. Theredore, utw € U. Then w=Wtw)-ué U, Siuce
weU for every weW, we ktow that WS U.

13, Prove that the union of Yhree subspaces of V is a sabspoce € and
only if one of the subspaces contains the other two.

Frgf we chow that :f cne subspace ot V contains fwo quspaces of
V, then the union of all fharee Subspaces s o Gubspace of V- Let RS T
be three subspaces of V such tat SER qnd TER. Then RUSUT=R
which is o subspace of V.
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 Now we show the convarse: i€ Yhe umion of three subspaces # of .
“ s o sabspace of U, then one of the subspaces contwine the other tuo.
Let s, 5, and 55 le subspaces of V. Assume Hat UBS: (s g subspace.
We must show that for g mteger 1<% 3, U5 SES;. Well assume
the converse. and_produce o cantradichion, so assume that dor every
infeger 1223, RIESIRD. 2S¢ i Snce UAS E ©1, we byow fhat

thare's some x& 15 such that x € Ss. Let y€ 51, Then there

are indpite vectrs of the fom v+ k%, whee k€ F, which are elewents
ot U | | | | | ta”d k#0

£ y+ks €Sy, then x=fEX=¥kc)z kG+e)~Bky) € Sy which antradiets
£ Sy Therefre, yrkx Sy, So y+kx€5USs. Sice fhere are infnite
suh vectors, then there are cereinly more that than two. Thevefore by
the piseonhole principle, theve pmust be some hor NERF such that
Sn. coptains M more than one such vectors. /§°,y"f|‘\X:Y*l_<1><.é 5n F"V .
some % distinct k, k&€ FN§0¢, Observe x% (k-kx= kx-kx=
kix=kax -y = xR (ythix)—(y+kx) € Sn. Therefore x€5n. Then
AP PRl y= (y+kx)—kx €5n. So sice y€Sn for every
yE 51, we Frow Hat $1S Sn.

With that 1 mind, notice how UisSi= 088510 %)USm for some infeyer
w 12MmE3 such gt m 4 $40%. Thaetore, (51U9)0%, . beiug o subspace
taphes that SnUSm 1s a subspace. By problers 12 we kuow Ypat one
Of Hhose subspaces contuins The other let r be Yre infecer such thal™
Sr 13 Me. cm’mminﬁ SL(b?PQCe- Theu Uigisi,—c—gr, whech. (s ¢

confradiction.

14 Syppose U=50x,-x,2)€ F*i x € F} anl W={00x,20€ F>: x¢ F3.
Describe U+W using symbols, and also give o description of U+ W that
uses no symbols. e il aatscandng i ¥ atitakl. Btk

Ut W= {(xty, -xty, 2xcty)) € e X,y € F 3. Farthamae, welll show fhat
is euivalent To {(a,b, 2a)6 F?: abc F} . Fist, we show thaf if xyeF,
C then (x+y,-x+y, 20ty D=(0,b, 20 Loy some a,bé F. Choose azxvy arnd
. b=-%+y ang| we have the olesired vesulf. o

MNext, we show e converse: i d,}oé,F,, Yhewr (d, b, 2a) = (x+y, =Xty 2(><ch))
,'For SOM€ .x,yéF Chovsg x= 28 and e A2 Then observe the _ﬁof,fowmy._
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%WWMM{% (x+y, -¥+y, AX+Y)) :(Cg_bf(%@, 3 %L%ﬁ
D-lo, axk), o) — (20 Atk ot &;),_2/@ p
2 Y 2 > 2)—(2/ Z ¥ 7 /Z(z> *(q/Z/QCf)—((A/@/ZC{)‘

>l

Therefore, {0x+q,-%+, Lxey D€ BT X,y F= 40,20 €F7 : a ke F.

From This we see that UrW is fhe plave comtam:ng the y-axis il
(ﬂ"e 16;]'76 2Ly O inotther way, Ut vs the p}ane withé pormeal.
2,0,-1/. S _ _ , , Do

15, Suppose. that U is o subspace of V. What is U+ U 2%

/Ef theorem 140, UtU is. Hre sy Jest su(ospace.com‘am(wg poth
anef, well... U. Therefore, UtU=U. , (LT 0

1. Ts ‘H«é ope":q*"bwi of adbliton on the ,wbwm of v
commutative 7 = L =L vy g T | v

Again, this. is Clear o see w light of Aheoren 1.40. Let Uamd W be
subspyces of V. Then U+W [s the emaflest subspace that contains
U and W. Furthermore, W+U i< the smallest sulbspace that coptans

poth W and U. Smce logical “and” is commatative, W% follows 1T tose
are ez%‘l/a’el/lf statements so Utw=W+U. o

17. I the operation of oddifion on the subspaces of V assaciative?
Yes, Wéfhe:r»}vncacf which /of;fcal(;/ pp[fowe: from theorans 1.40. o

18 Does the operation of addition on the subspaces of V Wave an
additive identity ? Which sulpspaces have additive inverses?

Yés {0} ‘5 }hé czc[o(ivf}iu/e Hem‘i’ry for aal(:/i'f{'Oﬂ ovev ‘Hqé 50(1&6}?0((992 of \/
Lot U be a subspace of V. Then 06U. Therefore, U is the smallest
subspace tuaf confains botr U and 03, s0 U+{os=U. i

03 i5 fhe oh/y sdéeﬁxée widn an addifive verse (itself) becayse
$03+403= 103, Mo other subspace has an additive nverse because theorem 140
tells ys Hhat subspace addibion will result i a Jarger or same s2e- sdbspace.
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19 Prove or 9ive a counterexample: T V, Vi, U are subspaces of
— Vosuch that +U=Vy+U, then V,=V,.

Fulse, we show o counterexample. Let u'—f{(x/o)éFl’Xé_Fzr .
Vi 80 EF?: ye FE and Vi={z,2)éF*: 2€F%. Then V,+U=
fa,)e Fiabe FI=F2 Also VgrU=fved: VeVogud ueUdt=
{z,2)+ (x,0): z,xe F2}2 {(x+2,2): ZxeF}

We show Hut \ory=feeez 2): x,2¢ F1= {0000 B g,0¢ E3= 2= Us V.
Frst, we show that if x,2€ F, then (xtz,z)=(@u) for some cdb&F,
Choose a2X+Z and b=2. Then (@a,h)= (x+z,2).

LNéx\‘,: we show e converse : if :a,bé F'/ then @,0)=(x+2,2) Loy some.
KAZEF. (hoose x=a-lp and z=b. Then (x+2,2)=(a-016,6)=(a,b). Thaefie
Y vU=§xtz,2): 5,2 F}=49,6): qbeF}=F*=V.t(.

Howeyer, 0,10V, and (0,1)€ Va. Therefore, V. # Vs,

20. Suppose U= 50,y 1EFY: %y FY, Find o subspace W of F*
such tat F4 = UOW, | | | | |

Let W={z,-z,w,-we B zweF? Thay U+W= Suew: uel amd we W=
{(X,/X/V/V)"' (Z-2,w,-w) ! Yz, W 5F§ = {(X"'Z/X’z/ ytw,y-w) ", X/V,.Z/Wé.F}'
We show thal sefis equwalent to F'z{(a,a,,a,,q,): a,.,qcF}

F‘rﬁ/ Wé 5/20u/_ toat fic _x,(t//Z,wé F, _ﬂzeh »(7<:+2/$,<—Z., \/*:’U/,:V-W = @,d:,%,%)
for some ,Cf,,...,cméf:. I\ um/C(/, we can cpsse Q=x+2Z, A,=X-2, G=y+l,.
and  Oy= y-w. 1o make the. ec;o{qﬁoﬁ holdt-

Next, we show that it o,-,0u€ E, Yhen (4,020, =
(XtZx2 ytw, y-w) for some xy,zwé F. Choose

<><_(.Z/ X-2Z, y.‘.u// y_w) - (g'_ﬁ_{ + a,l _QZ _G_{,f_g_,z i M_ a; +QM + ,a’?_.c{“ : Clﬂ‘f__ Cﬁ*@/):

(2 Za B B)zayana o
( E, Ly, o ‘(’,,az,ag,‘qp' Therefore, UsW=
TRz el w) Ky, ZwEF 3= {0, a,2,,00): a,,..,qec F§ = F ¥, Myt
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Now we Vﬂl Me?O( fo ShW/ that (I+W 15 q o/rred‘ SUWI whuch kS
the cse if andf only if UNW=503. Let ueU aqud /mrﬁﬂﬂ UEW. Thepy
U=(X X, 0, Y12 (2,2, 0,-W) Jov Some x,y, 2w & . Therefore, ve Yuow
that x=2 O\M xz-2, 60 Z2=X=-Z which ‘Vhphes dbt 9m.farly/ we
see that w=yz-w so w=0. Theretore U=(z,-2,w,-w)=(0,0,0,0)= 0.
Tt follows that UNW=50% which mplics U+W is o direct sum.

21 Su ppose U= {(x, Y, X391 XY, ) EF: x,yé F} Fmo{ o suécpuce
W of F° such that F?=US W,

LeY W=4§,0,0,0.) abc ¢ F. Then U+W =futwideUand we Wi=
{05y, xe9, X-y, )% (,,0,0,) ¢ %, y,a,b,c € FE=

fxvd, yth, x+y, x-y, 2x+c) i X,y al,c€ FE o Wwe shou, U= F° &)’ -
mytual inclusion. It Follsws ol«red’ Wat i ve U"'W then ve F Lef
wml 5¢ F‘g Theyy 5= (5,,5,,5,,54/5;) ‘por Somie S,,...,5 € F We must show
that there exist come xyapc € F such that (9,/52,53,54,95-); B
f%y«(xw ytb, x+y, X-y, Zxtc). Choose x= 2% =% a s

2—*:1{;’1/ a,,,,{ c= Se—53—5. Obseve |

(x -(-q/ y+b REYr B~ F X+ )

= o

= (Zﬁ# .2_9_’:. Z_f}. 53 +5¢ S?.“5'4 ,2(‘53+§4> +5g~-53—‘§4>
- (‘gu %2, 53, $32+54 F '.%;zt 5?+5++59 "53 54—)
; 7

- (‘;l' 52 '59 254 ) (Sl/ 52/ 53/ §4,/ 99’>
4 P ,
Therefore s ¢ U+W

Now to show Yl U+W is a olivect sum, we show that UNw =$0%. £ J
Let veUNW. Then veU and veW. So (Xyx+y, X-y,2x)=V =(,0,00,c)
for some X,y,0,6,c €F. Therefore, x+ty=0=x-y. Sabtract x from hoth
s:des to see that y=-y Which implies y=0- Then 0=x+y=Xt0=X.
Theredore, v=(x, Y, Xty X-y, 2x )= (0,0,0,0,0)=0.



.
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22. Suppose bl:ng/Y/X*V,x'y, 2x): %,y € F}. Fund three subspaces
W, Wy, Wy of F°, tone of which equals 03, such that F=Uo\V,OW,0W;.

LC'{— Wl:.f(a/O,O,O/O)i ae F}/ WZ:{(O/h/O/O/O)v: béF}/ C(I’l(/{ Wa,:{(‘0,0,0,0,C)_l:(
GF!Z Then U+W, +W, *(/(/3:{(?{_“/\/*2/ Xty ,X",V,ZX‘P'C): _quC/X(yé F’} . .
Jnow \ Tipar N EMY WL IWE 7 I ”1!.’, '/ ,,,,714'!!5 A ok G € A
T LR T N PR
| q v,, "‘5* ViHE Then oy exercise 11, Wity s Wy @= F =
We show thal UtW.+Wisly is o olirect sum. bet uel, w,eW w6z,
and W, EWs. Then U=0x,¢, x+y, x-y, 2% ), W.=(4,0,0,0,0), Wy=(0,lo,0,0,0),
and wy= (0.0,0,0,¢) for some a,b,c,x,,y & F. Assume that uvwrusews;=0.
Then by theorem 145, if we can show that O=u=wi= W=, we'll have
the dlesired result Obseyye 0= utw+WatWs =X,y x4y, x=y,2x)+
(€,0,0,0,0) * [0,47/0,0,0)-k(0,0,0,0/4)‘:,(x+01,y+@,x+;/,x-;/,.2x—rc,). - Then
‘x+yz0=X~¢. Subtract X fromr both sies to get yz¥ which
,iMpff?S y=0. Then 0:%1-)/: X+o=X.. Mo{{f(‘ona//y/ ‘we haye \
0= Xtd=0+a =0, 05 y+b=0+0= b, and 0=2xtc= 20+c=C. Therefore,
OBesy U= (<Y, Xty Xy, 2% ) = 0, wz=(4,00,0,0)=0, W,y=06000)=0,ancf
Wy =(0,0,0.0,€)=0- . s N S 5l

23 Prove or giive, a counterexample: 4 Vi,V U are sgbskéc.es_o«”, V such

—~
N\

that V=V, @ U and V=V, @ U, then V,=Va.

U@V Fa[sé, W€ s.ffow o céUﬂfeVéKdmlé)e. | Lé'l‘ V.‘.'-‘{(-.X/O) xé F-}/ |
Vo= €0y, )i y€ F} and U=100,2)4 2¢ F}. GV

TR @248
W@W Observe 'H/qu’ Vu“fu:{(xlz): xZE€ Fi=F* We also show "H‘q{'

V, #U= F* by mutual inclysion. Berkdd Simce VatU=1ly,y+2):y,z€ F3,
we know thal every element of VotU 1o in-F? Let ve F? Then
V=, ) for some vyu.€ F. We must sdpa show Yaat there's some.

L ZEF sul that W)=, y+2). Choose y=U, and 2=~U+Va .
Then (v, y+2)=(V,, LixVitl) = (Y, V2D Therefore, V& VotU. flie

.HoWeVeq since (1,0)€V, bouf 4,00¢V, we know Yt Vi# Vo,
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24 A function P:R-R is callecl even i {Cx)=10) for all xR, A
funchion 7:ROR 55 called odd if $CX) =400 for all XER. Lot Ve
devote ke set of real-valueo! even functions on R amd let \p denote the
set of rea|-vmlued odod famctions gn R. Show that RR=\, @ Vo.

Fix x as an orrbn‘rc/ry real number {or this entive Pmo{_

Frst, we show that Ve is a sybspace of RR. Since 0(x)=0=06x), we
kuow thet O€Ve. Let feVe and g€ R. Simce @f)(-x)= aflx)= m('(x):(q{)(x)/ |
we kww that af €Ve. Mow let geVe. Simce (F+9)0)=fEt9Ex)=
L) +9)=(F19)(x), we kww {+9¢Ve. Therefore, Ve is a subspace of RR

Next we show tat Vo is a subspace of R. Obsere 06x2=0=-072-06).
Therefore, 0€ Vo, Let },9€Vo. Thon (£49)x)= £(-x) + §CX) = ~£0)-90n=
- (f0)+9(x) = —(£+9Xx). 56 F19 € Vo. Let a€ R. Since (af)éx) = gf&)=
o -f0) = -af(x) =~ @f )(x), we know that afé Vo. Therefore, Vo is «

subspace of RR. AT NERT, Sy S9RG

Mow wo—shgy that Vet Vo=RR bgygmdfwa(,imdaﬂ‘omﬁ ¥ Le-GiNE s

Since Wesayd Vo~are subspaces af R, we know \ex g 12 ;ué9pd6é of
RR. .Thereno et heRR. Let eﬁn'neol by o
)= h-x)+h(x). O: h(x)rhE)=hé thix) =

)

£<). Therelore, ¥ is even. !’i"’\z' wed by 9= htx)-h(x). Since
g(x)= h(-6x) = h(x) = et Y —hx))) &b b)) ==(hEx-h(x)) =-9(x),
we know ,Hfta < OC(- G R Nz e =S¥ < Ohserye
b + 19)(X) =(7410) +(19)60) = 2660 +19(c) =

|

SETHHX) + 2 h(x) = h () = 2h () + zh()

Now we show that Ve+Ve = R® by mutual inclusion. Siuce Ve+Vo is a
subseace of RR we know that vERR for all veVerlo. Let heRR.
Then we know there's some §,9 € R® such that 3 is defined by
L0020 ) BhEX) and 9 is defmed by 9(x)= Th(x)=3hEX). Observe

£6x)= ) *h(6x)) = 2hEx) +3h) = Zh(e)«2htx) = £x). Therefore, f 1s
2yen. Since q("X)?éh('X?‘%M(‘(*X)):"(”(21}7&7"_7"‘.}’1(7())7:”<"%,L'\('X7*f2',h,(x)),:, ,
—(1hx)=zh(x)) ==9(x), we kaow thal 9 js odd. Also since (f+9)00)=
2+ 9(x)= $h(r)+ gh(x) + h(x) =3h(-X) = h(x), we kuow that f35=h.
Therefore, h=P+9€ Vet Vo. | | , | S
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Al that remains s to show that Vet Vo is o direct sum- To do
s, we show that VeﬂVo,:{Oﬂr, which by theorem 146 peans that
UoVo is a olirect sum. Let PeVeVo. Then £ is hothh even aud oolol .
So L= aud £Ex)=~FG). Then £)=£6x)=-F (). Add £ fo both
crdes Yo get 26(x)=0. Simce 2#0, we know 1()=0 = 0(x). Theyefors,
£=0. S ,fmq//}./, we see that RR = Ve &Vo. i

2A Spom ahd Lf,new "_ Inolepeno{enﬂcﬁe |
Eixdmplies

218 Prove that @31, (1,°1,2), (73, Q is lnearly deponlent
i€ and oply if <=8 | ‘ LA R E R i

First we show that if =8, then (2,3.1), (1,71,2), (T%e) s
linearly dependent, Because 2(2,3,1)+3(4,-1,2) + -A(7,3,¢) =
.(q",/é/ 2) * (3/’3/ £ ) +;(—7‘/’3) “8)= (72,8 )™ ('7/.‘3/ -3) =0 QHO{.
2,3-1 are not all zero, we ¥now that 3 1), (1,-1,2),

7 Gal) ys Jr'mfar/y a{epeﬂdem". |

Now we prove the converse. Assume that (2,3, 1), <1/"1,2>; ,
(7,3¢) is linearly dependent. we must show that ¢=8. We
know that x(2,3,0) +y(L,-1,2) +2(7,3,)= 0. for some xy,zEF
such that x.v,z are not all zero. Then (0,0,0)=X(23%1)*
y(1,:2,2) % 2(7, %)= @x, 3m, 0+ Ly, <y Zp) * (72, 32,62) =
(2x+y 72, 3x-y + 32z, x +2y +c2). Therefore, we know that
Ax+y+7220, Ix-y+3z70, ond xtZy+cz=0.

Sum Together those Liwst two equations fo get Ox +102 =0

which implies 5x=-10z, so x=-2z. We use this fact to_
perform the following. substitution: O= Zx+y +72= 2:-7z+y +7/z =
bz ty 47z = y+ 3z Sdptract 32 Lrom hbofly sides To see that
vy =-3z. Therefore, 0= x+2Z, tC2="22%2 52 BT PP T CES
~Fzwta = (Cn%i=,
BB AN | D o S
ike to chvide both sides by z but first we must

i/Vo:w we wou[J
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ensdre that z#0. Assume, b the canirfary/ That z=0. Then sipce
x=2z and y=-3z, we know thatf x=y=2=0. However, thqt
contradicts our assumption, that X1,z are not all zero. Therefore,
it must be the cose that z#o.

;l\/civwi bac k f—o - ézuqfﬂom: 0= (c-9)z. jDﬁV,‘de. both sicfes
,/0>/ z fto 9,ef c-3=0 which implies ¢ =3. o e
Exercises

’,1. Fihd o l,lisf a'P‘ Fo:ur;o{)'sfmc‘_’r Vedafs n Fszwhos‘e ~sP‘_CW\', elzuéls-\_ '
{(xy2)6F’: x+y+z=0} .

Let U={lyy,2)€ F*t x+y+2=0%. We show that (1,0,0), O1-1),
(2/0/'2)/[0/0,0),9f>,cm9 (/{ /.6‘)' U & (/{ We Wa;f’ 5%040 f/taﬂL there's N
Some O,...,.aw & F such that a,(4,0,-1)+a,0,1-1)+ a,(2,0,-2) + 4G0,0)=
U. Since uél, we kuow thal thee's some Xy,2€F such that
Xty+z=0. Add % o both sicles fo see fluf asypz=x-y.

Choose 0,=-K, A=y, Q3= X, arcl ay=0. Then obsewe e blpwing:
a,(1,0,-1) +a,(0,1,-1) +05(2,0,-2) * 44(0,0,0) ‘ AT
= R0, (0,710 X(29,72) + 0(0,0,0).
=EX,0, %)+ (0,y,7y) +(2x,0,-2x) +.0.
S (x2x, Y, X-y=2x)
, = (X/)’/ ',‘X‘,}/)
Y(X/y/ =)
U

¥

2. Prove or give a counterexample: If v, v., vs, v Spuns N, then
the |ist Vi-Vy, Virvs, V-V, Ve also spans \

Let Asmbe the list vV, vs v and B be fhe list vov, uvs,
Va=Uy, Vo Assume that A spans V. We show that B also. spans V-

:gl'bcé. vec:TLoV 5/>aée5 d/é 0/6580( uhafe.r a/b/r'f:'oh, we }C}?Oa? TLha?L
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V,-.Vz,ivg,—l/;, Vz-y, t/} € SPOM (\/,,Vz/‘/a, Vi) Therewpaﬂ, spat (B)=4s. o

subspace. of span(A).

Since Nu-va)+ L, -Up) +AUs-Va)+ 1= VrVe tVz=Vs s Up- U+ U =V, we
know it v, € span(B). Since A& OW-UD* Up- U,)x LU=V + 10 =
Vp-Vs V-Vt Up = Uy, we know that Ve € Span(B). Since 0(,-U) +
O(Ws-V3) + 1 (- Uy) ~ Tuy =Vs-Uyt Uy = Us, we krow that v, 59,DQ'M[§),

Then because v, Vs Uz, Vg € span(B), i must be the case that

span(A) is o subspace of span ().

Since sfah(A) ancl s/ouh(B) are _m#qa//y saw,vqc:@? of eacl other,
we kuow that span (B) = span(A)=V. Theretore, B spans V-

3. Suppose V-1 is @ list of vectors in V. for k€1, m3, let
W= U* o+ Ve, Show that span(Vy,-.., V) = Span(W,,---) Wm).

Since vector spaces are closed under aldton and eact of the
Ws s a sqm of vis, it should be clear That wi .., W€
span(V,, ., Up). Theretore, spaun(w, -, Wm) is o subspace of
spanll, ., Vi) S | |

,Wé éhOW tﬂmqf \/,,.;./ an & SPCIVZ(W;,-»:-/ .WnD ‘us‘(‘ﬂﬁi m 6.*?/235"
Step 17 Since W=V, we kvow Vi€ span(u,..., wm).

Step k for M k€12, mF: Since Wiy +IWhe =~ HVesd +
W) = =V = = Vieeg

- Vi we know That

FF A Ve e

Vie € Spant (Wi, ..., Wi ).

Because V...,V € 5pai (W), ) Wer ), we know that spanlVi--sv)
s &« f,abs,oqce o{’vs(aam(w,.,_.,./ Wiss )e There{'ore, simce

.5/0.61”((/,/,»--, Vr) and 5 AN (W1 Wy ) CUVE mm‘uqlfy 9(,{/05(90{665 of
each other, 5pwt(Vi;-..,Vu) = span(w,--cy Win).
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4o Show thet a |ist of length one in o vector space s
.“”‘iagy mdcpeuo(enf if and only if the vector i the lest 1s
potT 0. | | | | -

First we show thel if a [ist of hemsth ove in avector space js
linearly “ncleperdent, they the vector v in the list i not zero. e
LS Tpmbirdtrone St e T e\ Y Consider the linear
combingtion . If v=0, then lv=0. Suce 1 is pmzero, s would
mean the st is lineatly deperdent: Thevetore, V# 0.

Now we prove fhe converse. Assume that V#0. Ve must show
Huat  the It s linearly Em/epano/ t. AT Do aR\ by
(INLOGaibnat Ton @ st Owiik b s e/ e
& be Some el . By the

ar| 7 e e e A /
ement of F such thul ov= i
Exercise 1,8.2 and the fact fmat V#0, we know a=0. Sine

all Iitear combinations ot tue list sadcremsfieas tut equal
zep can Ge wriften as av, we kmw fhe 15T s Jwearly independent:

4, Show that a list of lemstl two in vector ;sf"acie is lwearly
inclependent i€ aud only (€ peither of the jwo vectors ic o
ccalar multiple of the ofher.

Acsume  Yhat the T L of lengthn 2 3¢ liwequ}ﬁ ino/epem{em‘.v We
Show  that neither of the two vectors are. a scalar malteple of the
other by contradiction.  kssume that aw v and W are - distinct
vectors it L such Yt w=av for some at F. Sme bis .
Vineacly indleperclen®, 4@ VF0 wd W#0. Thaefre, d#0. Opsewve
AR -av + 1w = -av +aV=0. Snce -a20 awd 170, we know Hpe
that L ois linearly dlependent which s a confradiction. |

cogre>thet The caverse isw.as follows: Whalhst
‘ x ¢ 1 neither vector in a list of lensth two js o scabr
maltiple of The other, fhan hat list rs luearly independent. We
vfoe. fhe contrm positive: if a fist L of length 2 s /mequz cleperdedf,
Yen one of the vectors is a scalov mylfrple of the other. Llet vand ——
w.be the vectors in L. Sice [ rs (nearly cleperdedt, we kww thaf
av+aw=0 for some w,,d, € F such that o aud @, aie nof bofh zw.

W iy VIaeE essex >l pa 0xlgn Sybtract cpus from both sides to 9et
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dve-Chw We kiow a+0 or cb#0 so s consider these
cages Separafely. F g,

:Céfe, 71: a,m. T Divicle Woth sides Qy a, o 9# > V,;'%W.i
Case 2: a,#0. Dwide hoth addes by ~% fo get w=-%&V.

Tn both cases, one vector is a scalar malfiple of the other
5 Fid o mmber t such that (3,44, (2-3,5% G4 is nt
(inearly dependent i R*. e e
Choose T=2. We show that (2/1,4), 2,-3,5), Gt is not
lineat ly Ino(e.peno{eﬂf n RE. Observe -3(3,1,4) +2(2,-3,5) +1(59,1)=
('c{/""?/—iz) + (4/'5; 10) v-r (6;0[/2> :.(’5,‘Q, "Z) +(5/O’/Z>:(0/0/0):0
Because thes shows o linear combiation of the lisT—with some

 powzers coefticento—egualling 0, we krow (3,4,4),235), (A, 1)
/s lilflear’}/ o(epe_ndeﬁf., , b . ‘_

Exerciso 6 is just the exercise lett for the yeader from
Example 2.1% which we alrexoly covered].

7n. Show thot if we think of C as o vector sfmcé over R, then
the lsT 1+, 1=1 is lnearly independent.
Acsume that for some qbé R, a(lti)+b(l-i)=0. We must
chow thaf 0=0=0. Observe 0+0i=all+)+b(1-1)= ataivb-bi=
ol + i ~bj = (@) + (a-b);. Theretore, u+l=0 aml a-b=0. Add.
these equations to gef a=0. Then O¥M b=0+b=0+=0, 50 4:60.
17;6.: %ow fhoi‘f nc Wﬁ ‘,'H"v'Mkv Olﬁ C‘ \as. cc‘vedo;f ?Pdcé évér C, Hfjenj
the st 1+i, 1-i ic lwearly dependent: | U A

 Obsgve i+ +11-D) = i+ +1-i=0. Since i and 1 ae rot 0,
= 1+, 10 4s linearly o(e/vencfewfi = . b
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?Sckpﬁosé Uy, Ve, V3, Ve i5 |.‘m:4'1y ?ndep:ende'fif’ i V. Prove that the

tist v,- v, Ve-Vs, VgV, Vu 15 otlsp h‘wem"}’ _3V75/€f7€”,0{917f?.

et A=V, v, 0 ond BV Up-Us, Vs =Y, 1y By Exerese 2A.7,

we  knoyw _spcm(A),: spon (B) Mow assume . for the purpose of contradicting,
that B is linearly indepandent: Then by Theorem 2.19, we can rewoe
one element ol list B 1o create o list C of length 3 dtgahmomes
g such . that span(C)=span(B). So span(C) = gpan(A). Smce.

C spans. span(A4), by Theotem 2.22 we kmw Hhe length of A is
(ess Yhan or cqya{ to the ,/enjfh of C. In other Woro,/s} 423 Whel
‘s a confracliction. | w6 G VIRDBRRNIRNL N TSl

4, Prove or give a counterexawple: I A=v, v, . v is o

linearly independent list of vectors in V. then B=6v,-4vz Vo, b,.., Vo
15 linearly independent: S T R LN S

We ‘)orok/e), the  statement by contradiction. Assume. thal A is
ll‘nwrvly.fﬂdepewdeyff‘ out B is not. e ke Ui
Recall that the 9,04//: of o lpt of vectors is the smallesT igkézﬁ,oicfcé
that nclydles every vectol in the list. Also. recall that vedor spaces
ave closed under ‘additisn and scalar multiplication. Therefore,

| Bu-4y, € span(@). Of course vq,...,Va, € Pan(A). o0 ;pawéB) wiust
be o subspace of span(A)- - . .

Smilatly, vi= v,~Fur 0= 4~ + v, = 25y - 4y, ) 130, Epun(B).
Also, Us,..., U £ cpan (B). Therefore, span(A) must be a subspace of

span(BD. Since span(h) and spamn(B) arve mqtually subspaces of eadh
oflrer, span(A)= span(B). For convenience, let (4 = spun () =span (5.

Because B is limearly dependent, we can remove some elewent

from it to mate o' list C of length m-1 gnd with fhe same.
span, . Siice A is lineatly. indeperdent n U and C spans U, we kv
by Theotem 2.22 that the ./engfh of A is less than or egual fo the
reusth of  C. That is, m < wW~1 which is our desiredd confradiction.

=
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2 Provc or give€ ol ,wwrferescampleﬁ If Viery Vm: and W, -, Wiy Qré€.
linearly ndependent Lsts of vectors iV, then the list vitWi,..,Vu Wi,
is ,l.’nearly mo/epeno(en | |

We shaw a cbuﬂf'erexozmplé, Thcw\c of the vector spacé R over R.
Then the lemgte-1 lists 1 and -1 are exh liearly independent:
Howevey 1-1=0 35 nof. jrergdl

that {2 v, + W ... Vi =W 5 linearly olependlent, then wespan(y,,..,vn)..

B, Theorem 2.19 we krow that there's some keéi 1,2,-"% such 1
that Vg +W € gpan(Ni*+W ) Vet *w). Thei/z we. can . u/{(’re B somwe a,..ake F
N tw = WV +W) o+ * Oeg (Vg +w) = § Ve +w) = i

]

‘ k v, awo(, Y.;é:‘a‘-, o
’1"1
Then Vetw = %+ W/, g P T AN 7 eV Adol -V -wy to
poty sides to gel w-wy = X-ve. Go (yw = K-V, VtBXE

@AV + diw)

We show that 1-y #0. Assume Yo the cortrary fhat 1-y=O-.
Thenn 0= Ow = (I-Y)w = X~V = AG OV, + 0 aVes) + -IVie.
Motice how the fzglffmogf ade is ),‘ﬂear,wmlﬂ/‘mﬂ’am ot V,,em)Vim
which equals O. Suce ~1#0, Hhs confraclicts u,...,um beng
Jruearly independest.
Now we revisit (Ty)w= x-Ve, MulTiply bofli siles by a) o
?6"’ W :1%;/(%—1/#) 1= 7?}7 .(M’Vl "'""‘”dlv:(.‘/k-.ip"yvb\] e ,SFQW (V//'-}'// Vm}/)'.

3. Sépléofé V,,;.., V' o ‘,\;n,eafly_ mo(epem/eﬂ‘f in V and we\v.
Show that v, ...,Vm,w is linearly _ino{epeno(ew')', i andd anly if
w & Span(Vi ..y Vimd. | e | S URE .

First u).e Show Jrhoaf i v,,,..,,vrw/{,g lineorly iwo/€p€né{ewt | Tkén, |
W Spar(Vi,. - Vim ), Assume, foc the purpose of Co.r{f'rao/fcﬁ’ng . Higt
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WE 500N (Nysers Vi) Then there's Some ‘.au‘..’»/,anq’ éFisalch ﬂwﬂ’

W= W o Oy Vi §O 0= ",W+W.=(—<an\/'+""."“mvm) st e wlmss
AP — ANV, = OV, ¥ Lw Hawew;r, since 170, +hie contradicts
My )V W _bemg (in early .{mc(epeﬁdeﬂﬁ , o

Now we ghow the. comerse. Assume that wé spanlvi,.-;Un). We
must show that Vi, ..., Vewis linearly independent. Let o,.., 0, b0e o
list of scalars such that avi+--* +Cuim + Qe W = O, Solve for e/ fo.
.7€,T g = =AWV, = = OmVm: : oyl SRCNREE o

We show that Omrt=0. Assume, To the gom‘}ar;?, Yot dues 0. Then
multiply soth siles of the epafion b g to get = .
AVVAY ) o= —amVm) € 9,0621/.!(\/,,.,-»-./ Viw)  whrich comradicts our

main Gssamption. il

Ther@%re, 0= AW+ OV T QW = OVt e T AV, Sinice. Ny Vi,
s linearly independest, A=+=ap=0=0Umra. Theyefore, V-, VmW
(s l[ned(rly A|‘nde/3eno/enf B

%Sy pose. By oo Ve 06 0 kst of vectors in V. For ket omE, let
W= Vi+ - WV Show that the [t A=V, Vm & limearly
inolependent i€ apel only f the list B=wh,..., W is \uearly indgpendent

Lemma 1+ Assupe thae are two lsls of vectors with the
came Jength and the sawe span. IE one of thews is linearly
independent, then the obher one s foo. e il o 25, T2
Let X ard Y be liste of vectors with Jengih. n. and goom V.
Assupe Yot X i \inearly indeperdest- Assume, for the purpose.

of confraclicting, ot Y 'is Linearly cleperden F. Then by the
linear ceperdence [emma (2.17), there’s some lis1 Z of i:/gzh PR
n-1 with the same spap as Y. Sine X (5 linearly ileperdent 0
Vv ¥ 2 spas V, Theorem 2.72 says. Wl the length of K (s |ess
than of egual t fhe leusth of Z. That /s N = N~1, which (s a
contradicion. Theretore Y is lineorly indeperdent:
Now we show that A ad B have the same span. Since e
We= Vit =+ Ve, we kpow Yot euery. clement of the st P s a
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|inear combination od A. Theyéxﬁofe,,g,oqh(B) 5 o subspace of

spon (A ).
. S an : b . » el
S)’V)’I{[O(i‘)y/‘ /\01\‘(6@, ﬁnaf M Wi~ Wy = Zjlvi ,_ij'\l‘-: VL*EVJ’-EV‘:VK
iz (=1 ol gy

Therefore, every element of A s a linear combyration of B, S0
span(A) is a subspace o%spcm(f)’?. Because.  span A qud 5;“’%(9) |
ave matually subspaces of each other span(A) = span( 3. -
Then cimce A and B have the same length m and  the same.
spun, we can apply Lewmma 1L to see tht e A s linedrly
depanclent £ and only i B is \inearly ndependlenl

16 Explain why there oloes ot exist a list of six poly pomeals
that is (inearly independedt i Py (F). ¢ Vel Bl g
Fix x as an atbitrary glement of £ iy S |
 Pssume, fo the contrary, Yt Hhere s such a lst of six

- ,}701)/%0/’1(0/5 L. te¥ Fer every WasCod k€10, 1,--,4% et
b be the Functior clefined b.yf(x);x"_. We chow Huat

fo, 8.0 fa spans TF).

Let 9 he some polynomia [ st degree 4. Then therels some .

o, dy)-.., & F such Hrab ()= do+ %+ - QX =
.czo,ﬁ(’,d%ra.£C><7.*'t-+,a4&6.><7.:(0o&7(2<7“,(C’IQ)(’Q*",'*(%,1047,0(7 =
(Gt + af, + -+ aafe) (x). So 9 is .o linear combination of Lt .

Lot e spanllo b, i, Then ho= (b *afr <)) =
(b)) + (0,000 (k) (D = bo o 0D + b fi G4+ By fy(c ) =
ho ¥ bys + G - Th TAZ&? @Or’@, h ¢ !’/?(F) .

go. )0‘/ WMM{VC{’ . iVlC[lel'Oﬂ, .‘E(F/:GFO’M((JO/ Fl/‘."ﬂcdr): g/'WCZ fo,Q|/—.f/p¢ :
spams B(F) ard L 15 linegry dependent in BCF), Theorsm 2.22
f)’e\%{r. us ﬂ)q'f' ,Hﬂé /eﬂfﬂ’h J'P L vs less “)'ham or ,ec&w%[ f‘o ,‘H’lc (%7{—[4.
ot 8,8, 5. That (s 6 &5 which is a coptradiction.
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16. Explain wiy no list of four polynomials spaus BIF).

Fex z,cXPaG anaf’é/:;frar/e/eﬂzeﬂfm". F.P /V | »01 . ’4.AF> AT
[or every intgger 02k =tk et ' F+F he defined fi0)=xk. In
Exercise 2A.15, we ¢aw that fo,f,,...,¥y & BF] (indeed it spans BF)),
Adclitionlly, we show Yhat #,f, ., is linearly independent. o

Let doa,.. o4 bo clemegts of F o such ™ 0= 00)=@eloyrad -+ ad))=
@ofy) (V@R )0) T @UuENK) = A (Dt () - €aufy()= o+ Ak o -e g,
Because the coetficients of a polynomial are uniquely clefermmed, we know
thaf do=a=---=ay=0. Therebore, £,4%,.., 44 is linearly (vl.o/epena{enf

LAt et L be o [t that cpang RLF) Since {4, .fs is o
length-5 lineatly indepencoat |ist in BCF), Theorem 2.227 tells us
that BeHd o 5 is less than or e@ua[ fo the length ot L. That s,
the lensth of L is greater than 4. Sherefore, po st of four | |
polyromials spans BCEF), .
17 Prove that V is infinite dimensional f and oy if +hare s o
sequence Vi, Ve,-.. of Vec"rovg V such Yt Vys-sVm 16 linearly inJepenJorf
{ar every posifive M‘}egew m, ,

Frrsk we show that i there's come sequence of vectors v,vs,...n U
Guch. Hat Uiy -yVim s linearly (ﬂé/e.peﬂ aift for every infeger m, then
V is infimite damensional. Assume Aot such a sequence V,Us... exsts
tel L be a list of vectors in and Let . be bhe length of [. We bnow
NoperVmes 15 ineattly mdepem(emﬁ. Then. by Theotem 222, # the langth
of ey Vper s less Hiat s %he length. of every list: Fhat spans V.
Since n+a >n, we know that L ooes noT goan V. Theretore. becadse .
o list of vectors spans \, we ko \ is nfinite oimansional.

Now we prve Yhe converse. fssume that V is miwitely dimensional.
We show Pt dhere's come sequence Ve, .. Mg of vectors m /.
.il,(ch.ﬁ;qf. Vyjoot Um IS_)WZOW};/ 1 ?CWO/GM+.—P0( efﬂever .faéiﬁ've m‘F?erﬂ .

WM. We prove this via induction. £ V were $03%, they the empty list
wedld span V. 5o since po list of vectors spane N VE{S. Therefore, there



——
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span((2)

mast be some m \ €V such thaf v, & 4 Therefore the Jengtn-1 Iist
vi s linearly indepentlen t- | o o

For e pos‘c’r;vé nteger k assame Yhot there's some e list
ek Such Thot VsV is Ninearly independent: Since no Jist of

vectors spun s \/, Vi Ve ooes not span V. Then +here's some
Vit eV such 'H70t+. Vigt & Voo Uk Therefafe, V) ooy Ukt 108 )Mequy, :
‘jndepeno(emf. '

Therefore  there's some wfure. squence Vs, of vectors in V-

such that for avery positive infeger pr, Vn.aVan 15 linearly independent.
‘15;, Prou?e ‘Hzaf FN fsﬂ‘dﬂﬂe'b’ m{\s‘nﬂ'e-o({weﬁéiona - | e

L@,_)' Vy Vg e be the sequence (1/0/0/0/--->; (0/1/0/0/—-->; (0/0/110,-—-.'>,-»-
We ghow that for every positive integer wiy Vi,-., Vs (S litearly
.,'no{epemo(eerf. (et ., ay, be scalars such That cuvi++dyVm=0-.
—W\_em. 0= (0/.0/~.~/0>: aV+:+dyVYm = a;(,1/0_/0/-~-/,0/0).+ "
A,00,1,0,...,0,0)+ - %am(0,0,0, ...,0,0)=(0,,0,0,--.,0,0)F . .
(0,82,0, <1 0,0) + =1 (0,0,0,-.., 0, A ) = Q) B2ye.e)Clps ). 50 Q7705 =()
Thereqcare,_ Visores Up 15 )fﬂea{rl}/ imdepem/ew'f It the fllows frowie
Exercse 17 thatr F2 5% iafinite- dimensional. 4s il v

19, Pove that the veal vector space of al) confinuous real- valuee|
Lanctions on the terval [6,11 is infinite~dimensiona
Fix 5 as on atbitrary real pumber in Yhe interva) L0170
For every ;?OS\ZJHU& \M}‘@g\er Ky letT 10; (047> R e c/e{’,weo/ b)/. :
60 = {é’? '(1; Kf:f Then ¥ s continuous on the interval [0,1].

T R
Sice. 1 =24 KL)=1-3 =23 70, Therefore £, & span (). LeT Hhere
be an atbitrary infever K Z 2. We show tuat f,,q& spanCPe-s hi).
Assume o the ;Coﬂffqry. that T, € pan(te... Ap). Then f 0=
A(qz.{“z*""'“akkaK):OIQWCZ,(X)*"{”*Q;: ‘OFC’Q for some  My..,ar & R, Olsave.

2, #) = o Fo o)+ ok (R).

Note Yot Hor e\%fery ”Vf' fﬂ*gyér 125 €K, a/,e' can take the raciptodha|
4 see that 1Z %, % ¥27. Theehre, £,(2)=0- Aldo, ve know

w2 k41, Take fhe reciprocal +o get & 7gva. Therefre, we kpow fhat
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S s iy, Tortanl o b 36,
: 4 &3 2 k [ : : ) ' : ! . X .

Therefore, foc every teger m 22, Lyyer¥m s ).fnéarly ,W/epenc[em(.'
S Erercise 17, Yhe vector gpace of o continwons Supckons on the

interval 0,11 is fm@ml'Jrefo(f%eﬂg:'oml,

20. Suppo‘?é f,,f.,...,p,}, are pofynowmfé in o lF) suchr that fg(2?=0 |
Lo eacly k€ $0,-..,m%. Prove Fhat po,py -y is ot linearly independen
n J(F).
Aesume b e contary Fhat ooy bye.y pun 55 lincarly indepondent.
leT 11 F+F ke the .';czewfiﬁ/ \ng.cPYL{‘(vn{ Eec.)a[[ ,‘rlfwtf }j‘rke, length- m+1.

(st 1938 1" spaus BlF). Then by Theorem 2.27, P the length m?2

Gst PoiPiy-.y pmy i MUsT be linearly ofependent. Therefore, i€ g, ‘..f,,,)l.

Then Lor come oy yané F, #.2=i@)=(Gopyt apit = +Ompin) (2 =
Aofe 22T AP (2) T ¥ Aupm(2) = O, whidg 75 4 confradiction.

N 8 1 = 20 » S

- ELE Bases

1. Fud all vector cpaces that have exatly one kasis
0} hat. exactly one bosis: Yhe emply st O

No gther vector space has exactly one hasis. To see this 1s Hrue
Since U#0Y,

qssume. WM that U7 08 1c a veclor space,
there. pust be <ome nonzero uéU. Then -uéU. ad-u7F0. By

Exercise % 0.4 the langth-1 lists u and -u are both  liearly
[mdelbwo{.em% Then Thearem 2.%2 Yells us Hhal dbbawge s
FUARAA A2 IS ZA) WAZa O .190, 4 bo‘}'h }'hdf-e \
\ists can be. extended 1o kases of U, Sine these bases would. have
diHerent {icst <lements, they are distinct. Thepefore, U has at least

two bases.

P

2a. Pve that 1,0,.,0%,(0,1,0,..,0%1..., (0,0, i5 a kasis of F".

Let veF", Then for some v,vn€F, vaWhjy) =



—

Linear Algebra Done Right 2B

0109 % Oy 0,90 5 o {01y 0y Un) = i (L0117 0) + N5 (01,0, 00
Vn0,.,0,1). Now 1 W)ﬁhe. criverion dot basis, we must show +hat

ths s the only way tfo write v in this Lorm.

Assume  tuat for somz a.,a,6 F, V=W.0Up) = a.(1,0,....0) ¥ 3200,40..0)
,+ + Gw<0,---10,an7 =, (a,,O,_...,a)-ﬁ (0(.42/0,.../0> s E o (0,.,-.,0,01,,,) = (q,ll"e/ 0{,,)

There%‘or@, Vi*Qy, .., Nn=d,,. -
b Pove that (1,2),(3,5) is a basis of F*.

Lo} vety ) € B2, Consoler the equation v=a(d+a(3,5). If
we can show +hat there's exactly ane aya, & F where thaf equaﬁbn
s tyue, we'll kaow that (1,2),(3,5) meets the criterion Lor basss. .

Ob_ser,ve‘ (V:/Uz)‘—‘ V= Q,(.1/2)+ 01:(?,5> V’—'(G{,,{ZO(,‘) + Cgau 5@2) = .

(o, +3a,, 20,+ 5a.). Go we're looking for al) a,a.6 F such

,’(l/m'['. = A Bt andh V,= 2ot 9a,. Note that 2vi- vy = 2(a,+30; )%
— (2a,%5a,)= @ Ja, +6a, ~20,~ 96, = Oay 50 Az=2V,"Ve. Hza,
BAR39= Then V,=a, +3a,= o, +3(2%=V2", Subtract 3C2v-v2) fron,
hoth soles to get o= Vi=3(2u,-V,) = V=6V, + 3V, = -5y, ¥ 3uz, Since
a,=-5v,* 3v, and Cy= 2v,-Va ekt are the only
,«50[(;{’.‘0;49 for o, and a,, we. know bt (1,2),(3,6) s q lpas’s. .

2. Prove Yhat (1,2,-8),(2,-5, 6> is lnearly indepandent in F*
but olso prove that it does not span FZ. | AN

Lot L=(1,2,-4)(7,-5,65EF°.
Ef%+ W@ IS%W, ‘H/)oo'[’ L ifs [inearfy (ho’epeba{ewf Le+ iaul,age F

sach that 0=a,(1,2,-8) +a,(7.-7,6)> =@, 2a,,~4a, )+ (7a.5a,, 64~

(a,+7a,, 2a,-Fa,,-tha,t 6a,). Then we kaow. that &, +7az =0,

20,- 94, =0, and ~4a, +ba, = 0. Obserye O=0#0=0&2:0=
Qa,-Ga, )2 *792) = 2, - 5a,~2a,~14 a, = 19 a.. Divide botly
5;'6[65, lay =14 ,+0 76—)’ Q= 0. S0 6= C{,-l"7q'2 = d, «7:0 =A,. Th.efé'po/e/

Neet, we show Fhat L does not span F? Werll wse fhe

courterexample of (1,0,00 & span(L). Assdme, with the goc«'j o
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coﬁn]‘ﬂﬂﬁf:ﬂg that ﬂ,0,0) ¢ spaw? (L) . Then. (i,o:,ojrf aj,(f,Z,:—4)+:

0,(7,-5,6) for some a,a,€ F., Olcerve. (1,0,0)=0a,(1,2,-4) +4,(75,6)= 2

(a,,2q,,~4a,) + (73, ,-%a,, 6a,) = A+ 742, 24,-5a, ,- 4o, * 6a2). Thevetore,

K *+70, =1, 2a,-56,=0, and ~dq,+6g, T0O. Add =2, Yo both sides

of Yhat second equation to get -5a,=-2a,. Uultiply bath. sccles by
2 fo 9@7',‘10% =~do,. Obserye (= ~4q,+6a; = -[0a,+b6a,=~tha,.
,D)'U/‘O/e .60,7% Sidles 05/'4 '}'0 see ,‘MIQ‘}'.CIQT-,O.. .
Then 020,564,220, + 60 = 2a,. Duyde boln sdes by 2.
_‘fa.ge‘)' A, =0, ):ma//y, l=a,¢7g, = O+ 7.0=0 $ our C,‘/e’ﬁ_:'r.ef?f ,
coptracliction. D R SR S
3 Let U be the 'sdbspa;e of R” defined lay
U= 808, K2, X3, K XD E R D %= 3%2 and 3= 7x, 3
a-‘,Fmo.( d baé;‘s: op(/f 0 '
We show thel R4 L= (3,1,0,0,0),(0,0,7,1,0),(0,0,001) is
basis of U. First we show that [ is linearly independent- Let
a,, a0, €R . such thal 0=0,(3,1,0,00)+ 0,(0,0,71,0) «a,00,04,1)

=(3a,,0,,0,0,00+(0,0,7a,, 0., 0) +(0,0,0,0,65) = (3a,,4,, 72,4z, Gs, ).
Therefore, aj=a.=a5=0. maler - o el Smaiy

Next we ,Shou/ i’hq](', o Pans u. By. mqﬁa(. ihc[u;/&n We’{/ ,
see that span(Ld=U. Let véspm(L). They Lr some a,,a.,4,6R,
V= (3/110'/0/0)7"012(0, 0,7,1,\0) +q3(0,0,0/0/05>,: (5q,,014//0/0/,0>.+ .
€0,0,7a2,%2,0) + (0,0:0,0,930 = (3a, a,, 7a, 02, Us D. Examine thaf
expression and the cletimiton of (| to see it VEU. Let uéU.
Thent for some Rilem g Mg € R , Such that xi=3x. gnd KaZ 754, We
,[CVZOW. 'H/'Qf_ U= (X,,.-.-/ x5>,: (Xu‘fz,X3/X4/X5-)? C.3Xz., X2, ,7Xd/.)(4/ X;) =
(3x2,%2,0,0,0) + 0,0, Ty Xp, 0)+ (0,0,0,0, 5> = x,(3,2,0,0,00 +
%x400,0,7,1,0) + x5(0,0,0,0,1). From Yat fmal expression we
see twat ué span(L). S N L

b. Extend {he basis in (@) +o o basis of R,

We. shaw that A=(34.0.00),0,0,72,0,000401),(4090,0) (508,0,0). i a
hasis of R’ .Hope{:l/(;/. s nfuitive Fhef those  last two vectors ate
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ot in the spov of the previous on€s because all the previous
vectors either have zero in the one coordinste or fave o
Novizero 1IN A 2€/0 coordnate. Theyefaye, since we kpow L is
,lcheatf}/_ f/lolepeﬂdeﬂﬁ A must ke as we(/,.

Mow we showr HaT span(A)= RT by  mufual inclusion. Since
G
every vector in A is n R we know that every sum amef

gcalar muff,'piu'cqf/‘au of tiose vectors i in R°. Theretore ,fFanﬂ)
5 a sabsel of Ry

«VQK'* we 9140:4/‘ Hhat R? S a sabyef of Spaﬂ.O‘D- Lelf E R;,, ﬂz <y .
_'PM, Some Yy, ..,Vs & R, N=Wy Vs, v, Vi) = (V=30 3va ) Vay V= Mgt gy Vo V)=
,(3\/1/ VZ/ d/0/70) il (0/ 0/ 7\/47 VA/ 0)1' (0,0/0/0/ (/5) + C‘jl —3\/7/0/0/,0/0),"' (01 O/V1'7(/4/&/0>;,
,Vz(3/1/0/a/.0 ) ¥V (O/. 0/7, 1,.0)'@’ \/560/0,0,0/ 1 T(Vr,-?\/z_7(1,0,0,0,0)+ (V>’7,l&) (0/ 0,1,0,0), .
which is a lyear combinafion of A. Therefore, ve span(A).

Blotsel ALt DT st e TRy
Let B=(1,00,0,0),(0,0,1,0,0) and chwose W= pa (]
show. that R=UrW. Let veU+W. Then for some uée( and
come WeW, v=usw. Suce U=span(l), we know that for sme
a,d,a, R, u=at.(3,1,0,0,0)% 02(0,0,7, 1,0) +0500,000,1). Anl since
W=span (B) we know Higt for some b.,0:€ R w=b(1,0000%

0,00,0,4,0,0). Then v=u+w=a(3,1,0,00)+ a>(0,9,7,2,0)+a5(0,0,00,)t
b (1,0,010,0) + bo3(0,01,0,0) € Span(A)E R, Adolitionally, we can
.gfou/ thal equality in revesse o see ot R7E U*W. There fore,
RS0 s T AN ,,

Nedt we show tuat U+W is a divect sum. Theoren 146 says thl
His s tue £ we can show Hhat UNW=102 [t veEUNW- Ther .
Vel and VeW. So for some a,a,a,é R, v=a (310000t
0, (0,0,7,1,0) % 05(0,6,0,0,1)=%(3a,,0,,0,0,0)+ (0,0,7a:,%2,0) < (0,0,0,0, as )=,
(3a,,a,) 7a;, 4232, Also, for some b bz € R, v=b(1,00,00)+(0,0,1,00)7
(6,0,0,0,0)+ (0,0,2,0,0) = (4,,0,b,0,0) - Theretore, (Ga, 74,92, @s2=V =" .
(b, 0,6,,0,0). Then a=z=0. Alss, b=3, auol b,=7az which mplies.
b=by=0. Therefore, v=(6,0,l,,000=(0,0,0,00=0. . . . . .
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4 Let U be the subspace of C% defued by

U'r‘-fCZuZz,Z;,Zd,, Zg-) € cgf‘éz(=2’z a”d zg+ 024+ 32; =0}
. Brd a basis of U.

Let A=(16,0,0,0), (0,0,-2,1,0),(0,0,3,0,1). We show that A s e
hasis of . ,

Fre we show ot A is linearly indepenclent. et a,a,a,6 BC
such thet 0=00,0,0,0,6)= a,({,6,0,0,0)¢ ,(0.0,-2,1,0) + 23 (0,0,-3,0,L)=

[Cf,,éq,,, 0,0/0){' [0/0/ 'Z,Qz/ 572/0 )+t (0/0,/"35?3,.0/ Q3> = (q'/éac/‘z‘k'%%/Qu a;)- ‘
.—/’éere,pore, & 5a2ls 5.0,

Newd, we show Fhat span(A)= U by matual nclusion. Let vé spanld)
T&MW 100( SO € 01,,0{2,0/36 R,v V= (qVéa[/ .’2572“391?/‘0{2/ 0(3) ;(V:/UZ/V’;/V#, U[)T
Snce Ovi=06a,=\e andd vy +2y+ 3y =-20,-393 + 24, + 305,= 0, we kaow

that PR R
c

Vow for the other way awuncl Let ue U That for come z,.,%¢R
,GMCh 'HKI{ ,62|,'—'2.2 .0‘”0( Z3 -,*-7,24 '.*—?)2.;-’.' O,/ (4'—'(21127/'73/.?4/25-). _§0[(/@,
2,4 224+ 32,20 for 25 To get z;=-224 32z Observe. the following
u= (Z/./ Z3,%3, 24/2;'>; (Z,, 62,;\*224 e 2 .Zo,,\Zg) = (z,,éz., 01.0/0> 3 I
(0,0,7224,24,0) + (010, -325,0, 25 ) = 2.(1,6,0,0,0)*24(0,0,-2,1,0) *+ .
2.00,0,-3,0,1) € span (A). it om EChsEEl .

b, Exfend the bass in (@) Yo a basis of O

Lef B=1,6,0,0,0)00,0,2,1,0),0,0,-3,01), (01,0,0,0),(0,0:1,0,0). .

Hopefully it's intuitive that neither of those )ast twe. vectors are w the.
spwy of the previous ones because I won't show That here, Bat giverr.
Fhates +¢ue, then sinte fheﬁ'fsf ﬂu‘reev vectors [A). s . (l‘neqr/y ;no/epmde;/t_.
B .is. lmearly independent

\We show ‘]’l/mff Spa.Vi(Q)ZC,T~ Since every veotor in B l’s,m.cﬁ; it
Lollows that every vector in span(f) 15 n C’ Ther ve Just need fo. .
show  the other \way aroumd. Let ve CF. Then for some Viy-.. up € C7,
V= Ve, Vg Ve, V) = (Vi V=BG 70V, Vgt 2ug ¥ 55 <20y =30, Vb V) 0
. = <V|, 6‘/;.,0, 0,0).4' (0,0,-2vy, Vg 0)F [0/0/',7V9—/ o, Vg )+ (0/ l/zfé\/,,ﬂ/0[0> +0,0, V?T'Z"#}"f, 0, 0).

23 6,0,0,0) + v (0,02, 1,0+ v£(0,0,-3, 0,)* (1000, 4,0,0,0)+ D34 )(00.4,0,07€ sponB).
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¢ Fond a subspoce A W of € sach that C7=USW,

Let C=(0,1,0,0,0),(0,0,4,0,0) and choose W=span(C). Fush, we
show that Q7= U+W. Let v eUrw, Then {or some uéll and
some WEW, we know fhat vaurw. Siurce (I=gpan(A), we know
Wt for some Aydza; € G u=a,(1,6,0,00)+0,(0.0,2,4,0) + ¢5(0:05:0,1).
Since W=span((2, for some 6,2 ¢C w=16,(0,4,0,0,0) +62(0,0.2,0,0). Then
U= U = o, (46,0,0,00+ 4,.(0,0,2,1,0)% @3(0,073,0,0)% 6010.:9,0) + by (0.04,0,0),
which s an element of spm(B)=C’. Because thal equalify also
works. in reveyse, we kaow that C7=U W b FERE L
Nest, we show Hat UYW s a ofitect sum. By Theorews 1.46, we.
need only show that UNW=10F. Let vé UNW. Then veé U and véW,
For some Ayag,a, €0, v=a1,6,0,00)*:(0,021,0)%0450,0730,1)=
,(Cf,,601,,0,0/0)7"(0,0,7242, 0z, 07+ %(Ox@f?%,@ﬂ;)'—‘,(%54,/'2%‘?0;,@1, as ). Also,.
;'(]OF,QOm@ ./0///02& c, \/;bl»(olilo’o/o,)-"bZ(OIO(il 0/0>: (0/[01/ b’Z/O./O)- The/eéore, .
s % (ql,/éq”’zaz'\;qwaz,Qa,) o (O,(oubz/O,/O). It '.FONO(,U&. %qf a;,:Qz,:Q3,':0.~
- | ,F;vla”;/, V:_(q,/éC{,/"Z.Glz','gcl';/a;_/q§);(‘0/0/0/o,0);0n

5 Suppose. /15 bnite-diwensional ond U W ave. subtspaces of V suwh
el V= U+W. Prove that there exists o basis of V consisting of
vectors v UL W.. ho gl (Xber g = L0 R R AL iy

.B\/‘ Tbeoreyw 2-15 we. enow U oma{, W are . p\w({—e o'f"t/h\eng,fond‘. , 9)/ T}?eoferh
2.31, there's some basis Uy, Up of U and some bosis wis-sWim of W. Weshw
Hat A= Giesthn Wy, ) Wi 5pONS §73 by mmtua[, inclysion. Since every dlewar]
o Ais i Vo we know tnat evary element of span(4) is Vo

Vext we shaw inclusion the other way around . Let veV. Giuce \/=U+W,
Here’s some uell and some w€W such that veutw. Then we know
there's come a,,..,a, € F such thal u=au+--+aadn. Alss, theve's some
buyoslom € F such tut w=bwi+ % bnW - Thevepowe, VEUt+w =
,C{{M,'!‘,"'fan(/fn+b,u/t+""*,"ame & épamm)' .

e Netice Yhat e'_ver'y elowent of A is in YUW. Then i e Bl result on,
Theorem. 7.30 which says Hoat A, o spanning list of V, contains. a busss of V.
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?m P;oveor‘, 9\2‘/21- ;e\\co:uﬂ‘.rere[xqule_; I("‘,pov,...,p; i§ o lis{‘ ah @(F) .5ac{l:l:
that none of the polyromials po,...,p3 has degree 2, then g,,..,p; i5. WMo
a bas;s of R(F), A Y ,Ph. /.P;\ o

Fix x as an avéo;f’mry. e_lemeﬂf o‘F F. For every iqfegen %3543, .[e'f z
zi: F=F be the fumtion defimed by =z:(x)=x Let hi FoF be olefued.
b}/ hCX): ?<.2+,?<3. Co[/)SiC/Gf 'Hﬂe [\NS-}' A:’,z'o/z:/,[/)/ Zg /\/@Jre +&l(l+ Zg 15 Q
degree O polypomial, 2, is olegree 1, h s degree 3, and| zg is degree 3.
Therefore, A is a list of polywomsals such fhat none of the poly mmials
have degree 2. We show that A ic o basis of BF). |

Let LERCE). Then for some o,.; a5 & F, £00 =€ a0+ ax+a,x* + a;x3 =
A+ Apxcr O X2 * (3= G ¥4 ) 6% = @p + AR + 0 X0 + 063 + Q5-0)x*= . .
Oy + A X+ G OF+X3) 4 (45-9,) %7 = 8pZ,() T Az (K)F 0, h (<) + @y (0, ) 2, () =
.<a02",+a12) T+ A h+ ,(qz.'OIz)Zg)(,K)- So Jﬁ; Aot a2, + %hf(%‘dg)Zg. .T[ﬂsem WL .
kvow + can be written as a lLipear combipation ol A. Ve now need
Yo stow that { can only be written In. ope way jn ths form  ta show
Yhat A meets the critetion for basis. o e BB, S

Let b,,..., by € F swl. that f=bszo+hzrbih+bszy. e must show

Hut Bl=a b GGG o=, b, 5% 02705, and by> A7z - Observe .
Gyt 0+ A2+, x3 = £0x) = (o2 +6,2,4bah + b3 23 )(X) = bs2o ()T,2, GO+ b,h(x) |
T byzg ()= by + by x + by (B X3) 4 by X3 F by xt bkt oy xE 4 byP =
Gy by byx+bo X2+ (0 +103) X3 Since polynomyal coefficients are unique,
we know by=00, b=, loy=0s, EFwx® @ bytl;=%. Then bz=0-bp= .
Q3-%5. Therefore we have the dlesseod result: -k

7 SUPP(?;Q.V”Vz;Vs/V‘;. i$ a lbass G‘F V. Pr.ove 'HW"- VitVg, Vot Uz, Vgt Y, Vg 1S
also a lbases of V.

Lot veV. We ety BhorOPbtt kaow thal A=u,Uaius,ug 35 a basis of V.
Ve must chow thal™ B=VitVe, Vptts, U5+ Ui, Vy s also a basis oT. . % Swce
£ 15 akass of V, we kwow There's some .. aséh F such that
VIOV +qQyV; + Azl ¥ Yt e mu;fs%vz/ %az there's 2”(%((6} (D{;-—-/@Lé F
Sucl Hhat vE by, 10y + blUgtUg) + bWt Uy) + bpVa. Cloose b,=a,, 6=0,-4),
bs=0U3z-9, T4, qnd] bp=Aq-a3+d,-U). il :

Then @ b0vVa)+ by(VitUs) by (iU ™ baty = bVielo vz + by bz s gt by,
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Uy = bt Qo +02vs + by tlsds < (hytadvg = o) + (¢ %=a,) v, +

(q, oyt 39,7 A )vs (a3 -a, +9, FAL-A; ¥ A, 0, Ne =0V, Az, LA R AV O

Now we must show that byl ave unigye. Let cij-ycp € F
suck thal™ V= clUtva)+ co0a+Us) + LU+ Vy) + CaVg. We musT show
that  y=Cp, ... ba=Ca. Ohserve v=cvtUe)tCallpsus) + L3 (U3 €Ut QA=

GVt C ¥z + Gy + GUg + 3Vt G Yyt QUL = QU+ (G1C)Vp * (61 G)Vg (67,
S0 QAFCERY Y+ (CA Vot (Cot 3003 (st G dup=V =

bV, + (b+02)Vz "7((02*9571/3"“((03,’"@4)[/4' Cince A=V, Ve Uy Uy 1S A ,baslt/.

we |now Hhose coefficionts ave unique. “Theretore, ¢=b; c+C = byt b,
CFCa=lopt by, and cztia= byt O4. S0 C4Cy=bthy= ity whiich implies
Co=by. Repaql o Similar process withh the other two cguations to get
Ca= (0.3 .Qﬂ(/]‘c,,é,‘b,q». . . B R .

8 Prve or gue o counferexample: T# Viva Vs, vy is a basis of v,
and U is a sabspace of V sucdy that v,vz € U and vié U and
Vs U, then Vi, Vo iS a basis of U, S

Let V=F* U=ftry2,26F" xyzeF3 u=0,0,00), v=01,00,
Va=(0,0,1,0), and Vg.=(0,4,0,1). % Notice how. v, v, & U and v U
and uy U, Since 0,04,1) €U bat (0,01,1) ¢ panly, ), we ko .
,)dAaJr,V,,\/Z, X3 ﬂ@f a baz‘s,a{’ u. R Al s B N,

9. Suppose. VirroyVon is a lisT of vectorg i V. For k€ftm let
W= v+ -+ Show that uy...,vm is a basis of V if awd ouly if
Wil ¥ @, lopieiig Moo w5ive B e o m U R T BN

In exercse 7A.1%, we showeol that span(vi,./Vim) = Spanlin, .-/ Wm.
Therefore. Vo Vi spans | if and only if W, w, spars Voo We o
,q[50 Ehoweo( n exerc’se 24, IC/— Hzaf’ 7por. two vectors q/[ﬂ/}W the same [e i an
spav, i one of them is ,\(Mccuf(}/ (m{eﬁerde/fﬁ e He other ome s fo. .
Therelore, Vi..viag 1S linearly (‘ndepem{enf i€ aund. only W et i *

s, linearly wdependent. Thalts both propertes of o basis so 1o we

Laow that @B vty 15w bases of V. it and only L Wy 05
o T e e P A AT S T
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10, Suppose U and W ave sabpaces of V/ such Had V=UBY. Guppose
also that u,,..,dw is a basss of U aud wi,...;Wn is & basis of W. Prove
that die s, @y, W i basis of .

Let A=y, Bw, .. wsy, and (=) UmipeeeWn. We must stow
that C s a bases of Vo Let ve V. e V=UPW, therels some umgue .
pait of o xel ond yeW guch fhat vzxey Suce A 15 a basisof U,
Fhere's some unigue ai-amé F such thal x=ad e+ dmtur- gamf/qrh// |
since. B is a basis of W thepe's some wiiqe by--sbn € F such thaf

y=bw -t by - Thefefofe, V=X+y=0|(l1\.+’."+0fm(,{m+b,_Wt‘.f'"'."‘by,Wn. )Vo'h‘ce :
that Hes ic te Form we  consider for C's criterion for buscs (Theoran 278).
Because every vel can be wrtten um‘@ue(y in s Porm, we ko that
C is a pas's of V. |

-11-'5(41}7;70}54 V.. |'5.. a reéz( .ve_cfo.r §pqce., %ow 'H'la'f t‘p _\/.,;‘-/V" 3 c¢‘, loél91"5 ,
of V (a5 a real vector ¢paced, then vi--.,Vn is also a basis of the
complexification e (as a complex vector . spaced.

Le‘l' véVe, Then v=utw for some. uw €V, Sipce. ueV and Vi1V 1S @
boises of VU, we know there's some umigue %% ER such that
U=a v+t UnVn- Similarly, thee's some unique by bn R such that
w=l+ % by Vp. Then v=d+iw = QY+ 58,0+ il +- - +lpva) =
QAU BVt bV = @40 Y+ @A+ BV Votice how the
s5 the fom we consider for vi--sVn's cuitenon for kasis (Theorens 2.7%).
Because every vEVe can lbe written dniquely in this form, we kew thal
ViU 16 a busis of Ve las a complex vectr space?.

ZC Dtmeﬂs_ion

1. Show that the subspaces of R® are precisely 0%, all lines in

R® cntaining the origin, and R*. e il o N e
..(,..‘A,‘,qnonnegq'h‘/e,.(.

Let U be o sybspace of R’ dim U wust be emYinfeger, because
dimension s defined 1o be the length of « list. Theorem 2.37 tells us that —

dwm Uz dim RE=2. Then olim U € $0,1,2% We consider These cases
separately..
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Case 0 Then the amty st () is a basis of U. So U=spu() =508
Case 11 There's some langth-1 list v thatss o bass of U. We
kpow V#O ecause  a bass is linearly ndependent. Let uéU. Then
Jor some a € R, u=zav. PBecase eue/}'/ elepent of U is a lwear
mulfiple. 0'/\( o aeas fouzero yector, “we kpow tnat U is q |ime fhvough

the onigin. “Should really have said (=span(v) so for every q €R, avéUl. .
T repeaf thes mstake n exevcise 2. . . .. .
Case 2: Theyes some lemgth-2 basis vz of U Since the . lensth of
wv, 152 and dim RE =2, Thewem 238 Yells us tat viv, (s ot
pasis of RZ . Therefore, U= SPan(t/l,uz) =R - .

2 Show that the subspaces of R® are precisely {03, all lmes. in
E; ‘confaiﬂing. the origin, all planes 1 R* containing the origin, amd

~ Lef U be o subspace of R:. Since ofim U 5 defined. 1o be the leusth

ot a st dwU s o Morzeesy nomegative integer. Theorewr 2.37
Yells us that ohim U 2 dim R*=3. So dm U € §0,1,2,3% We casicler

Yhese cases separately. - o T FUNILY (P

Case O The ém;f.fyilrsif’ 0 s a bais of U. Then U‘%%éan;()‘.:floz.‘.

Case 17 There's. some lensth-1 s v which is a basis of U. We
Kkiow v is nensers because bases are linearly independent: Let uell
Then fo,r some . af R, “uzav. Because every elewent of U (s o lneaw
multiple of o nouzen vector, U is a line conmaining. The origin..

Case 2. There's some length-2 kasis v of U. We know v,e0 and w#0
yecause  bases are linearly. independent. Let ueU. Then for. some |
d,,9 € R, uzawvi+auv,. Whn a,=0, U=av,, %0 v contams  The
line containing. the origin and V. Considering. elements of U where a¥0,
we. can think of Hais as sweeping the Vi fue along the 1, lme (fhe
< confaining te orgin and v.). We kunow these lmes are not para”e, |
— hecuse if Yhey were, o wodld he a lmear multiple of v, ‘which
.WOM[(’/{, comffao(,‘c‘lf Vi, V2 bﬁ»'ﬂ? ,liV)CC{flt/ ,(‘Mepeﬂo{enf T{A-@, Y’BS@H.D{), Wép}ﬂg
one infimite e along a nonparalle aLmive lne s a plwe. Therefore,
U.is a F(omé. Also, U contains the origin  because 0 is au elenent of every vector space
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Case 3: Thee's sope :\emﬂﬂ'?; busis vt of U Since the )ewg‘rh
of VigVg, Uy 15 ??CMO(, 01,{;44 R 73,. Theorem 2.38 ftells us that ViV, s
is o basis of R, Therefore, U =span (v, v, v3) = R¥. SR

3. Let U=1p €R(F): pl§)=0}. Wit
o ja.:F'.'nJ o« bass of U. |
Fix x a8 an _qr&'ffqr)ﬁ g{emenf 010 F

Yt For erery infeger 121 <4, let £0F=F be defined by
£ =-6') T 5. Then £i(6)=-(6)+6'=0. So {:¢ B U.

We chow that {i,-.. 4y is linearly independeyt in U. Assume
Fhat for somz o,,..,a4 € F, af,+-+aufy=0. let a,= -60,76a, .
~6%a; -6%u. Observe: SRS e Pgias D) pRiTeet
0=0() = (adi - 1L 1K) = a £t 0, G500t gaf5(x) + a4 (x) =
A, (~6)* RV F QLB TR T GEEITR) T (-6rqe d=
o By e Xt % fé?aaf" A. X,Z‘“‘ésaa =¥ aaxg.’é‘bgf fQat e © o8 W Tea
 (-bq,-6%a;, -’06 ) * at dyx3t g tatxt = o ~
Ao ¥ Xt qxi+ask’ +quxt. . S L -
,Werepore, dp=d,==au=C. S0 f,-,%4 is lnearly ;‘Ma/epeno/ek/f

Then 4 4% dim = dm RIF)=5. Bt notice that for .
q:F = F defired by q(x)=1, gl6)=1£0. Then ¢ U anl 9¢ FF).

Therefoce, we kmow Higt U#BLF) and our ivequality becomes.
dedm(y <5 whic[/;.imphies o, st smposh alaml < ¥

2] \@‘,-i--/ﬂp s o féng{l’l@ ',(fm:ear(y i;‘mot/épé”deﬂf‘ st of vectors
A U/ we. kgow Hzarf .@,,,-,./_1[4-. 5 o /aozs,‘s of (/( .« -
D. Extend the bascs in () fo a kasis of G R(P).

Simce. £y ic lingarl }nc{epemo/enf’ ool ¢ M?S{éaq[{’,,.,. ﬂ), it
_P,,,..,,,(;,g 1: av//neqnfy S/I'Vio/e,oemo/enf [eng,ﬂ;-g st mﬂ »V€C7Lof6/. (n JE(F)‘
,Th.ereﬁor-e, .-F”..,./&/g i¢ o b9s;s. of Ji(F) v e

¢ Fnd a subspace W of B(F) suh fhet BP=USW.

—

Let W=span(9). Sue. Gducs 16 o bosis of BUF), enety we lbnow
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. H/wn‘” -?Orlet)e/y péaCP), P::aogfoup,f-;-*‘m{; I sémé Qm@u@
Oy € F-. Sne o is a basis of W, Maoyla Therd's. some unigue
WEW such that w= %Y. Silice. Gy f,,.n,ﬂ, Vs a fpasis of U, there's

.50, Unique . ueU such ﬂ;qf u:Q.f,.f-:-fou&ﬁ Then v= w+d. 149r ‘
- 50Me. Unighe w.€ W aMo/. Some W,‘Q.ue.uc—(/. The,retpore/ ;?(F):(/{@\A] ,

5 Let U=$peB(F): p(D=p(57}
Al . Losis. ok L

FisT tote fhat each of the polynomials 1, (x-2)(x5), (x*-2°)(x5),
(x*-2(5) s in (I Let o,..,q4 € F sach that

At ay(x-2)$x-5) + a(x=2)(x-5) t qu(x*-2%) x5y =0 .
Notice how, when expanded|, the left sile will have one x* term,
aixt. Since the right sicle. has no xt term, as=0. Then. ve
can sec thal the leff side wi|| hove one. x3 terw, asx’. e
the h‘g[/ﬂL sicle las nmo x* derm, Gz=0. %,‘mi/arl/(// a, =0 which . .
lcaves onl+oro+O=a, =0, Theefore, 1, (x-2)(x-5), (<*=2°X5),
*-22)(-6) 15 linearly. independent-

" Then 4< olim U Z odim BF)=5. MNotice that the idem[nly funchon, i
15 net i U kecause (21=ZF 5=i(5), Sice i€ B batidl,
we know UF BFD. Then the eguality becomes 4= clim U<
Whiclh jmp [res om U=d. SGince 1,06:2)(x5), (2-2°Xx5),(x*2¥)(x-5 ? (s
oA Jength=4 '/'Meou/}/, 2”0/6/?‘31/’0{9”7'. st of vectors in ,(///, we know
W is q bass.of U

b. Extend fhe bass i (o) o o basis in BF).

Similar to 3o andl 36, we can Cxton] the bass in a with the
,(ofewﬁ'fy Lunction  fo make a basis of R(F.

YC. Frd o subspe W of BF) suh that BF)=USW.

4 e e o e full  ovhesher « SHEANDE 1 Ty MW 3
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8. Suppose W,.., Vi is lnearly im/e,péno/enf in V and w eV. Prove :‘Ha:orf
dim span(V,+ W, ..y Vm+w) Z m-1. | | et

Notice how for evety itteger 22 k2, Vi=Vie= VW =W = B[,
Theretore -V ..., Vi-Vim € §lD0|I(7(\/,+W,..,_/ Ve YWD which means ’Flzm’f
Span (,‘/l’.\/z/ s VimUm) s o sub@oqce of , SPOIM(\/:*W/,—-'/,VMf’W)-‘

We show that y-Ve o)Vi-Vim is linearly nclependent.  Led e o
such that a,w,-va)« - *an(V)-Vm) = 0. Then 0= Vvt tame-v,)=
U2Vi=CUzVy + - =+ Q) = AV = GVt Y0yt QAN —= - “dmVm =

(04 +Ap)v, #Bdy —~ AoV~ ~AmVm . Sipce vy, Vm s linearly ,imo/epe,nc/enﬁ
A= Z A =0, Thetebore, N~V ..., Vi-Ven is linearly independgnt.

Because Vi-Vay-ns ViV i5 @ lwtearly independant list of lemth m-1,

olim span(U-Ua, - VirVi) = m=1. Since  spanl,-Vsy.., Vi-Up)) is a subspace
.O'P. 5{00\”(‘/,!'(“.// ) Vm*l{/)) W dl'm‘ qulﬂ(‘/l* re=l Um*‘”) ->—.-gf’qh(\}!"/z/-»/‘iﬂ.-V,‘,)"'W‘il
by Theorem 2.37.

g ',SQPP‘O”:« mis o y,asi"n(/c Mi{'egerl dnd.ro, p,,,..)P,;, ¢ P(F) are such
that eaclh py has degree k. flove that p,,p, ..., pwe is a loasis of BlF)-

Bdew Let z be the identity biction on BHE. Then 29,z%,..,2" is the
stoudard basis of BH(F). Sice 202412 i5 of lemgth m+ L, diw Ju(Floperl.
Becquse Porpi--1Pm . 3 ﬂ4.e f/'syl/f ,/ewg?% YDO.F a bass, we peed. oﬂ,/y <how ',qu’,f .
itis linearly ncleperdent: e et Oedigie B

Note +b)d+ des Po=0. Werepore P O Which has C/eglee ~R), Then the
st py 15 linearly in ependent. For evety integer 1<F< M} assyme fhot
Po,Py-ryPe s linearly woleperdent, We show thal po,piiPepere is [mearly
ndependent. Since prer has a greqter degree o all of pop,.., pe, We Fnow

Ypat prst & spaalpop 1Pk Then by FExercise. 2A.13, po,py...Pespers i5
\m<ayly indepentent. So by wdiction pop,..,Pwm is lineatly independen.

:10.', fdppbsé m 15 o pos;'fﬂ@ Mf‘eq:er‘. Forz evéry_ m:feg‘erv (76 kéyn , IeT
PO = xEA-x"F. Show that porsper is o basis of Fn(F). h
To demte these Juctons with more qecc vales for w we write Py
Fix x 05 ar[oh‘mr/ clement of F.
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First we. show that  pos,pp 35 )(Wequy indepeydent B(F). Lt a0 be.
lewmonts of F cuch that 0= 8opo,lxd+ ap,(x) = 4 X1 +a k- =
Uo(1-¥)*ax . Plyg n 0 for x to see tat 070,(1-0)+a,-0 = 4. Plug in 1
for x 4o see thaf O=a,(1-1) tac L= . Since a,=a,=0,  Poufin 15 L‘Maqr/y.
° nolep,éﬂ&(eﬂ’f._ : A

For every infeger k= 1, assume that R - Lokt Py 5 (:mear(y ndependest-
in RIF). We ghow Hut Poyn,.s Peripur & - linearly indeperdent.” Let op,.jaen
e elements of F such that 0faopo,mooﬂ“anp;,.cﬂ(x)r"t*ctn,pkf,,k,,,(x)==.

G ap(3xF 0 k(=™ 4ot Gt @PTET =
,ao(ﬁ'X)Ff"‘f‘T‘X(lTX)’sf“,'".* Ay X ' '—‘,ao.(i‘?()k.“+.,><(q'a'?‘)kf'”f"am'xk).= R T
Ao ('l')dﬂf‘*K(O,Xo(i’)‘7k-o,+',“+,Ci|e.-\x,k(1"_)<>k,.k > = 67061"74_7“‘,"' X(O,Pa,g(x)'f'","'agﬂ Py,k(x>>.ﬂ.

Plig in () for x Fo gt O7aaU0F" + 0@ pantO™ Qe pratr) = Ao Pl DSt
Then notice taat 0= asClr) + %o Pope (ROt 7 ¥ Oler P () gl =
,X(a.ﬁa,k(‘)()‘f"' t e PrE O<>>.l D!'V!'Ole l00+h S/‘D/_ee_)oy.x (We’l.{ déa‘ with x=0 W?f}).
1o see that 0= apo ()t =t acupee(D. o1 e et |

B x207 Totice/ THaat /B4 4 Pyelo?s ,ﬂf" 1-0,\ Exag Qe
Bt @y 0% T bt
Gr x=0 consder thal there’s. o polynomig | ausle Yiat p such Huf P&
Cor all nuzew values of x but pOIEO, pecause polyromials are confinaohs.
Therelore i (poet™*Aeipre) K =0 for all ponzero values of <, % it must.
also be zero af x=0. L o whl 4 T

Then sice Powr+pek is linearly indepondent; 01==0eer=0- Recall
that as S also 0, Them Po,kti, ey Prtt, pel 15 ,}iheqr.,y ‘EV?o/epehden",'- Thev.exfor?,,

.loy, mdu,cf‘:‘,m,_ Poim; - -, Pwym s 4l,'nea(h/ ;‘nc(ep.ewf?(ék’ - Becc{us.& Powy--.) Prrym iF .
ot length m+1 agnd dim B(F)=m+1, theorem 2.36 fells ys that

Powmy s pum $5 . a basis of FulF).

1. Sypose U ad W aie bothh Sor-clivnensiona) subspaces of C8. Pove
that BXAAR there exist two vectors in UNW such that rether
of these vectors is o scalor multiple of fha other . as

Recall that dhe sum of dwa subspaces is e smallest . sabspace et
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.Conf‘ar‘lzﬁv loéHl op ’fhém-; Thevepore, 5{‘w‘c6 (/( and W are /oaf% :fufoSFqcee .
of €% we know that Ut/ is a sabspace of C8. Then by Theotem 237,
dim (Ury) = dim C°. | e, R

Now Theorem 243 tells ys that chim (U+0)= dom U+ dim W= im(UOW). Solve fr
oim VW) 4o get dim(Unw)= dim U+ dom/ ~ i (U+w) = etk = i C6 =
F=6=2. S dimUnw)= 2. | |

YeAPb Let m= dim (Yw) = 2. Then there's some bases w,-.,vm el
unw. So v, is lineatly ,iwa/epewa/euﬁ Therefore by Frdoram Fxercise 7A.4b,
Y, and v, are twe vectors in UMY such that neither vector 55 a scalar

multiple ot the other.

12. Suppose. that U and W ate subspaces of R® such that dimlUe3,
dim W=5, awd Utw=R®. Pove tnat R'=UOW.

By Theorem 2.43, dint WUt)= dim U+ i |~ AbBa&els dom(UNW). Solve for
dimUnW) to get dimUW)= dim U+ dim W- dim{(f+W) = 3+5 =clim Rb=%-2-p. -
Then the emply list O rs @ basis of UNW. So g UNW=span ()= 503 . Then
by Theoew 1.46, Rf=U®W. o | e o

13. Suppose U and W are loth five-dlmensional subspaces of RY. Prove
that UOW # {0%. o | «, | -

Since U-and I/ are. both 5&b5?acéf of R, Ul is « fdképq?e of R By
Theorenr 2.37, dipm U+W) £ dim R*. Solve Thearem 243 for dm (UNW) o

QQ-J» \0('.”7 (UOW) = dim (//"'CAWW"C’(VPI((/"?(//> 2 5—1'5—,0"‘/?7 Rﬂ = 10 - ‘77’1 , 50 o
dmUnw) = Lot Then since 17 0=dim 005, we have ou desited tesulf,

14. Suppose V35 o ten-dimensional vector space and U, U, Vs ardlt |
subspates 0%V with dim V= dim\Vy= dim Vy= 7. Rove that ViaVinUs #£03.

Plug Vs and Vs o Theorem 2.43 andl selve or dom(VeWs) Fo get
_o’(m(\/zﬂVg): dim \lp + dim Vs — dim (Vs ). Sce Vo and V, are both Subspaces .
of the Ten-dimenscomal space N, dim (Vo+Vs) = 10. Then dimW,0V3) 2 7+7- W=2p,

Plug V, and (inW) suto Theorem 243 and solve dor dm(UnVeAls) % get
S (U = i VL + lim (Vs) = olim (Vi GeVsD) . Since Vi, Wy, Vg are all
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| :subspiaceé of the fen-dimensional épaée V, dnCVyea0Vs) £ 10, Therefore,
© dmUAVV) = 7+ 4 = 10 11-10= 1. Since oim($03)= 0, we krow that
AdimU VOV # dim(@h). So VaveVs# 5.

16 Suppose Vs dinite dimensions) andl Vi Ve, Vs are subspaces of
V with dim VU« Vet dim Vs 7 2dim V. Prove that V4nV2aVs ¥ £03.

Sinte %c dvWeVISil‘ol’l. op éa \/Aecftori 9?6162 :{s :afl)/ays :a ﬁohneéqf;'vé ,mLegeY,
2oim V41 = dim Vit dlimVy t olim Vs . ‘

By Theorom 243, ok Viechmz = dim(UyrUe) ¢ dim(Unle). Then
,ZO‘L’M V+1< OIUM \/1“'01"7’7 Vz  dlim V3 = d“m (l/| r. V’L) r 0("7) (\//\[/23 & Olm” l/5- ;

Pl“{? % (Uthz:7 anaf \/:3 wﬂlo Tl/leorem 2 4% Jro 0L+é€ﬂ 2 I
dim (o) ol Us = dim(WaVD+ V) « obm(V0VeVaD, Then observe
2olim V12 dim(U 4N+ Aim(ViaVz) +oling Vs = olim (U#V2) + olim ViV ) V3) + olim (V,0Ve1Vs ).

 Because V,+Vz and (VaV)tVs ave subspaces of \, we kaow thaf
dim Yt a) £ clim V- and| lim(V)xUs) £ dim V- by Theorem 7.37. Therefsre,
2 04,""7 Vele olim (V.T Vz?*’d\‘m,((l/xﬂ\/d’fl/g) ﬂ’d"mC\/ﬁVznV's) = GJW.V fd(‘mv* oLW(V.“U{H/;) :
Subtract 2V from hoth sides o get 14 dimVoVnVs ). Since oim (10370
snd dim (V) >0, we have Hhe desited result of NV OVzF €3

1. §u'ppo.sa' Vs Linite-ciwensional anel U is o subspace of V with Us V.
Let n=oim V and m=dim U. Bove Hut there exist n-m subspaces of V,
each of dimension n-1, whose intersection equals (. R

By Theoram 237, m=dlim U £ dim V=0, By Theorem 239 since UV,
dim U dom\, o the wequality becomes m=dlim U< dimV =10 Because The climensint

mc v @MMNW Qni*ffa(imencf'oﬂq/ vector space s always a nonnegahve

Wnteger,. mzn mplies. m+1 £ N, Cubdract M fom_botn sides o get 1€ p-wn.

LeY Upylm be a hasi. of U. Since s _);neanly.;ndependeﬂf m
Theotem 1.32 says that u,....dm can be extended o some  hasrs |
Uysoee) hem Ny Vi of V. For every infeger 12f<n-m let
L= Upyooes Uria gV o Vit Vit - Vo« Thien Le is a st of /ﬂ’ng% n-1. %o
span(li) is a sqbspace of dimension n-1. Since every Le contairs fhe bass
Uiyes U o€ U\l 35 a subgeace of SPCM,(LK,)- Midobrd FAZ Doar Y Therelwe,
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U s o éubﬁpace:o? (Ve 'span(Li) .

’!&‘ﬂu/e Suowd"fdmf N4 spnls) js o sw%pqeé of (. Let we()Srspan(ly),
hen welBT™ S0 w can be witten qs a linear combimation of Le. Tp
represent this linear combingtion, leX ay, ... ame € F and by .bpmy € E
such that W=ty + -+ Guyldm + W@ oy Ny + -+ by N-m. Decause there's
no Vi in Lki,i we know thal byy=0. L Let 56Z such that 1254 n-m
L _ , Turns out I couldve jyush
0= w-w _( 0:,1M;+th:;1\/')——( ai,'U;+~ibf,"V;> & g Gall i SRgy e e
. 1 = Z’,:MJ 2 continved o use k. insted
o ":'Z(a;,iu.' — G4ik) + t(b:,a\l;" piiVi) of introdduiny 3 View tHhen
o 4 s S =1 , S .

qs interchyrgeqble.

Ve

Al

L . e b,
=) Q- JU iA—Bi )
o F e ) b e
Notice how this is « \mear combination of y..)tm Vi, Npam, lnearly
inolependent ks, equalling zero. Therefore, all the coefficients are zero.
Then for every k and §, by~ by; =0. Since by=0, we know that
0= by 4 = Pe, k.= ben-0 = by1. So b1=0 for every E

vThere_ﬂot'Q, W= ChaUy +- '7+am,1um,+ bi,l\/if i bn-m,ivh—m. = S
Oy aUgt ¥ At Up T Ovp+ - Dpop = Gggdgt - +Amgdm € U.  Then wed
smplies that (Verspanl) s a subspace of (. Becquse we established
earlier thet the reverse is also frue, (V" spanly) = U - A

17 SQPP@? ’”’ly.af, Us;-»-/: Vd dfe, p«’ﬁi?é'dlﬂ’léns:%oﬂél ﬁd’ﬂSpd;ces’, of V. Prove iﬂﬁxT
V-4V 1o Linite dimensponal and dim(Nt NV £dimVi -+ dinm V.

Lewma 1: 18 Uand W are Snite-dimensional  sabspaces of V, then UrwW
w5 Lite- dimensional. By theorem 2.31, there's some bases Uy,.tim of U
audl wi,...,Wn. of W. Let L=ty o phg Whpores Win - We show that L gpaws Ul

Let ve(rW. Then veusw for come bl ad weW. Sp for some
.Oh,..‘./aq,,é F C("C/« some b;/"-/br‘eF/ V= (U+w = W.Q|U(*'?‘+Qmam*.blu/l,‘r”','" {‘Mwn/
which is o linesr compination of L. Therefore, Ul is a subspace of spun(l).

Let ve span(l). Then for some ay..ian € E andd by..ibn € ) vzaue-+aathnt
bWt oW = ikt +0m )+ (b +lonwn). Since the parentheses ay the
left contain a vedor 1. U and the. ones on the oyt contain a vector in W
N EUFW. $o panll) is a.eabfpacé of U+W.
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Because span@) and UeW ave mutually subspates of each ofher, L spans Ul

Then Ut is fnite-climensional by defiuition.

We now use lemma 1 1o show that Vit Up 1s finite- dimensional
noluctively. We. know that N,..,Up are all @ino/fw‘,c/uo,/é/ Lite-climens:ona.
For every uteger 12 k<, assume that \it-+Vie 'is finite -dimensional.
.Thm : éy lemmq 1 (\/,"," )T Vket = \/;""."*’V\c\—_;L is .Ft'ﬂi/“ero(fmeklgf'éna,’- :

Finally, we show that. dim(Vr--£Yn) 2 dimV+— ol Von incluchively- By
Theorenn 2.43, dim{Uit=+Va)=dim(V+--t Vna) * Vi) = dim (U + Voo )+ clime Vi —
_d;m(C,W-,--*\/m-L)f\Vm) = dim (l/l*'."*'\\/m.ﬂ + olim ..

Foﬁ every mv_f—eger‘, 1< 144:\0’1," assdme that «Olu‘ﬁ,:((/;*":"’(/m)é ckl.’m‘(\/.*:"'*'.\/m-ﬁ +

i Uroteg -t i Uon By Theorem 2443 clim(or V)= dim(U = Unger o) =
Aim (V++ - Vr=err) ) + ditn V. — i (U, *Vinteey)) N\ Viie) < dimaVpeVintes)) + dime Voo,

There\%fe, chm(U+ -+ Vi) & clim(Vi+ Wt ) + i oot *° -+ dimVp .é'- :
dim (Vo Vatear)) Flina Vet £ i Vm -1z 7+ % i Vm =

ol (U ++ + etieeny) * olim Vi =+ i Vo = dam (Ve Vi-ee0)* clim Vetety et +-- ¥ U

Theretore, we have the desived . result vie induction.

18, Syppose V. is funite-clmensional, with dimV=n=L. Prove that there
axist one-dimensional  sulbspaces V... Vo of V such that V=V\@ &V,

Theorem 231 fells us theres some hasis vin of V. Obsere .
,SFQWC\,’I){”'* SPan (vn) = {hul"'," tUpt Ut.éSF“‘?(VI)/-.--/Mné,SPqV?(Vn)\g : O
:{aiv‘f”.'fa.nun - PR« I Fi= 5,Pq”6/u--1‘/n>:.\/- \

Now we need only chow that . sparvi)+ - spanlin) s a dlirect sam. et
‘ul,69(?0WI(V|7/~»-/Unéﬁpah(\/ﬂ. such that 0= Ui+t Un. Then for some a,..,0,tF
D=+ +Up= AV, +  tdnVn, Sivce vy,..,Vn is linearly independent, oza:().
_Th.eveﬂpofe, U,==Un= 0. So W 5@&»4(\1,)69-“@ 6pan(</,0. ;

19 Explain My you mg.‘l‘f GUESS, notivatel l«y anglooy with the Jormulo for
" Yo number of clements in the union of three fwite sets, that if VilVy
- ove Sukspaces_mo, a ﬂ‘ni'}e-af-'mensl‘onql uac+ov’ space, then Jim(V.*V&VQ =.

dim V,+ gim VerdimVs = dim (U V) = dhim (VinVs) - dim (VenVs) + olin (Vi Ve aVA).
Then either prove the {ormula above or give o counter example.

\eve seen n prior scenarios fherels a simil.ara'er between the é.qm{fl/’qf"*}’, of
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o Cuite set and Hre diehsion owf u@.m%e—olamen;/ona[ vector spow@ o
Ths QWGIOS\/, a Wien of two Linite Sefs is swyilar to Ahe sum of fwe
Subspaces. Set M7L€fS€c+non works on subspaces, so there's no peed for
a. d Ffe/enf analogous oFeraJnoﬁ

The formila {or fhe numher of clements i a unon of thee Luite sets .
[AVBUC|= I41+1B]* [¢) - [4nB1 - IAncI~1Bocl+ (AMBIC\. Nstice frow if you swap
OC(+ We OPQVQ}Oﬂf 99 °(€9CFI]O€OI in the. C{VW{/O y abot/e, y&u ge‘f ﬂ’le -rofmu/o{
for the dimension of the sum of thee Raite-climension subspaces it was

given. in the prab lem  statement: ‘
O( m(Vy+ V2 +V3) = olim Wi« O{ mz+ oJim V3~ 0{‘”4(\./1’“./1 ) fdim(\/ﬂ\.\/s) .’d.'m(\/z/'\/;)+ d.’rh[l//”/m\/;). ,

Howvever, that fonndla is ot tue for all sulspaces. CM‘?'d@“‘ tis ‘”“’MW”’P{&
of sulpspaces in R*: spau(lo ), 6/9“"’[”/0’>/ span((LD). Observe
s5pan((04)) + spau((L,00).T Spam ((4,1))

=i vrutw t VEspan(0.0), M6§Pa/4((107>,Wé span((i,ﬁ)} _
T a0+ a4 1 Oy € FE = 3pan08), (4,0,
Since. (4, € gpan((0,1), CLON), it can e deleted Ffom 03,40, 6,1) without
affecting e span. Theretore, spanl(oAN)t spanl(1p) € span(/ L) =
span0), (4/0)/(1/1)): span((0,1),(4,00) = R?. SR

HOU'a/Cf, ob%we the 1‘30( owmg ) ‘
Dm(span((0,4)) ¥ Jpan((1,00 * 5paa([440)) = dm(Rz)—- V% 3= 1+1+1-0-0- 0+0 =

dinr (span((00) +cimGpan(4,00)) + glim(zpan(t,10)) — dim (£03) - Aim(03) — dimls)
- clim(E03)= dmlspan(io ;)m/.m(spm(ﬂo»)m{ m(span(L9))- o/m(s,mn((a 00 W;(w»)—
dlmlépaww A span(lt, D)) - o/m(épaﬂ[(l,OJ)/lS n(112)) — o
Avw (span (0,000 span((1,00)0 span((110)). o

20. Prove that f Vi Uz, V3 are subspaces‘ of a Cn.k—o’l.mené.o&ql‘\/eéfc)r 9’9“
then olim(Uy+Vz s ) = dimV, t himVyolim Vg — (dim(ViaV) *dim (UiaVe)+dem (Vp0\5)) /3 —
Cdim (Vi V)N l/;) * oim ((U+U3)0Vz) + olim((V,+V320V,)) /3, gt B

B/ Theorem 243, o(m((\/ Vb Us) = it (Uit 1) +olon Vs = chm (Uridnyy),
Apply the theorem aoain Jro that first term fo get d'"”a/ﬁ ‘/24—(/3)/
i\ + olim Vg ¢ ehivm Vg = dling (1, V) o(lm(((/l’((/z)/”/;) eI

Sularly, AUV 10D = chin(Uyes) + ol oo (Vi) ) =
04 m\/l * 0( . Vz “'D( Vth 04 ’VI(U a U37 o{;m((\/, H/3>ﬂ\/27
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 Once morer. dimlba) V)= dom(Vls) € dlim Vy — o (WerVi)AV) =
o dim \/.1 *0{1"’14 Vz Al 0{“,”7 V; /,9{\‘,‘% (Vznv3) /0“41 C(\/ZT"Vn})nV,\),- :

Put these all together into one equatiovt o obfain”
,3d»’m.C\/.*V,z+Va). , ) A Syl e, b P ,
- d(m((l/ﬂr\/z)*‘/a) fo’(\"'h((\/t‘\fv’s?*\/z)*fO(f_'m((\/z.*v's)"‘l/:)
= (clim Ve dom Vo + il ~ clim (ViaVa) = clim (U #2003 )
& Cdimfy+ i Vo wolim Vs = clim(Vi1Ua ) = dim (£ V3N V)
, _ +(c)!m\/.fdim\/zi’o{\'ﬂ\/sf‘o.lx'm(\/zf“/z)'O{{m((\/z‘f\/s?f\,\/;)) ~ w13
= 3V, + 3lim Ve 3k /s — ki (Vi AVe) =dim (VW3] —chim (Va105)
- J(M(((/‘*Vz)/,’[/a,? fol\‘m(CVﬁU,sV’\/z) ~ dim ((Vy+V3)/ V).

Divide both sides by 3 1o olifain the desired vesalt,
3A Vector Space of Linear Maps
Example 33 .
 Prove that 0€LNW) is a linear map
RN A S
Prove thet ARASBII A ooTimars

Let uwel, Then Tluan)= utw =TW+IW).
Let AEF amd veV. Then LW Av= AIGW).

Defme o lwear map T€ L(P(R) by (TpIX)=XPU) for
every XeR. Prove that T is o lnwear map. |

sarne L€ LWV) is a lmear m(,otpi

Let x ke an atbitrary reql rumber. .
Let uw €PR). Then (T(u+w))= X*utw) ()= Kut+ Xwi)=
(TW) +(Tw )= (Tut Tw)(x). Let A€ F add pé P(R).. Than
(TAp)) = x{Ap)x) = Ax2p(x) = AT pAX) = (AT pA(x).
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Defue a lwear map TELF®) by T(x,,x,,x,, )-(xz,x,, S
Prove that T 15 a linear map- | ,

LC{' (-7(4/7<2/ XZ»/ D (Yl/yzl}/?/ )€ F Then T((}(NY?/XW 7*[%/}/2/%/ »’
T((X Vi K2ty KqTs,.-.)) = (Xzt¥a, Xg+t e & (7(2/ X300+ (Yz/ya/
‘T((x;, X2, X3.- )) 5 T<(YI/YU>/3/ j)

Lejf ?\éF and| (K(/Xz/Xw D E F .. Then T(?\(N/?Q/X;/ 77 =
TUAx, Axz, Axs -o0) = kg, ARy, 5 A X3y )= AT((KHKz/K;/ 7)

Defue a |mear wap TER(R,RY) by
,T(x,y,z7— (2x-y t32, 7x + by - 62). Prove that T is a linear map.

LCT ¥ %= (qu'L/X;) y (V, Yu)’})é R TLICVI T(?(‘t‘y) ’T(fxlfz/xa)f(%/l/z;y;);
Tx, 4 Xat e, X3 1) = (208 +y) ) VY — (<ot +3(x54ys), 705ty 6 Cxptys)- 6(><3*¢;)7
(= %3 13%3) +(2yi= Vo + 3y3), (Tri* Gxa =6 x3) + (Ty+5y2=6y31) = u

(2%, = X2+ 2x4, /0t 9 %2 6X3)*C7)’; }/z"'g‘/;, 7 toy; ’6y;) = . s
YT(XI/,XZ/ X3)t T(W,/Vz,'k/s? = TK*T\/f , S , e omt e w

Lei‘ }\EF dwd z. (é Z;,ZQZ— R Tﬁ‘zen‘ T/'\Z T(?K\(zl,zzylza)),;‘
TQz,A2:,Az5) = (29\2*7\71*3?\2—, TAzx5Az,-6Qz,) =
A(72,-2,+3z2,, 72, +52,~625) = 7\\ (2,,22123) 2 N 2.,

Fix a polynomal ge P(R). Define a lnear mp Té L(P(R)) loy
,(Tpﬂx) p(q(x)) Prove Hhat T is a lwear map.

Lef 1”96 PR). Then (TWH+N)(x)= (F+g7(q(><>) — ‘F(‘Z(X))-{-g(q(x)) =
(TH)(x)* (To)(x) =T+ T92(x). let a€R. Then (Taf)(x)=
@flg ) = af(G(x)) = a(TE)(x) = (aT€) ().

1. Suopose bic€ R Define TR—’R loy BN AR YW |
_T(x,%&(& ~ty +5z+b, 6><+f><yz) Show that T is linear if and ouly
af. bEC=0. o

A siume quf IO C 0 Le"' (XUK?/X5>ICY‘/Y2/VJ> = K Tl'lel/l Téx,,xq,xﬁf(y,,yz,;/,))
sy TN+, Yot e, K3ty) = (2sit y- draeyz) T 3(x3tys) +lor 60x, tyi) +
Kt )t ) = Qo * 2 ~dim by x5 % 35 ¥ 0, bt by t0)F
((27(' .L)'?<2+—D7X?‘f'0) (Zf, 4)/21’3‘/5'9‘07 W(6Xf0xxzx;)f(6y‘ ny.}/zy; .):
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(Zx-dr + 3 b, b, % Craxs) + 4 (D ~dys 7375 +0, by tChieys) =
) TCXI/XZ/ X7,_> e T(,yu Yzﬁ}/?)q e air ! o T I P i T LR

Let AER and w,ve )€ R>. Thhen TAW, vz v = TAV AV, AVsY =

(IAvi- A2V 234y, B8 T, 6Av, + CAVAV AV ) = | S
(M- vz v 3v,)+0, 6Ay, + 0'%) = (AZu- 4va +3u3+0), 6AVit OMvivevs) =
A2y, -+ 3+, byt cVvvs ) = ATW Va3, Thevefore, T s linear:

Now we prove e converse. Assume Hat T is linear. Observe
TIA,1) =Tz, = (22-42+3-2+b, 6.2 +23¢) = (4-8+6+k, 121 §)=
(2+h,12+382). Also notice tat 2T¢1,47= 2(1-4 £3+b, 6+¢) =

21+l 6¢c)= (242, 12 +2¢). T 20 TF el

Then (2+k, 1243¢) = T2(4,4,02 2T (44,1 =(242b, 12+2¢). $o 24b=2¢2).
Add -1-b to both sides 1o get 0=lo. Also, 12+%c=12t2¢, Addf -12-2¢
o bofh sides to obtuin bc= 0. Pi vide both sides éy.é To 56{7 &P |
Therefore, b=c=0. R m o e T e 115 fas

3 Suppose that TEL(F",F"). Show that there exists scalars Ajp€F
for every j€i1,..,m} and kefl,.,n} such Al nahaser o . Taw |
TXageor ¥n) = (A i+ T AgnXny ) Ama X £ Amn Xn) for every. (%0 Xn)
n F" o AN
Let v be o vector in F" such tat the K coordinafe is 1 amd all e
other coordinates are 0. In ofher words Vi is The KM vedor 1n the Standarol
hasis of F7. Let Au,eosPAmp) = T, Than obseve the following:
Ty %) = TK01-00) # -+ T 0 10K0) = Txd4,0,.ccooN* -+ T(xa(0,-.,0,4))

; X‘I-T.VI +* XnTVy..; ?‘)(A\,l/»-',/Am/l)* +Xm(A:,n/---4Am/n>,

,: (Amxu--f/ Am,[)(.)“’"'_’"(A‘MK”,...‘/AW,W?(W) :

= (Ap Xt AR nie A, X "'"","Am,nxd)- A

4 Cuppose TELNVW) and V..oV is o list of vectors in V such Yhat
Tu,JVm is o lmearly independent lisT in W. Prove that v,....vs is linearly

wadependent.
Let oo 0m lpe scalars  such. Yoat VAP 0= AWt + A lim,
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Therz b TLWMGW 310 0= TCGM *‘ﬂm‘/m?" Ta\‘/l ] laml/m’
ATy, +-- "“amTVm Since. TV,, . Tvm 15 [Vléa/(/v md’epem’erff' ai= "—C{m—O

5 Prove that LO,W) is a vector spuce, as was asserted in 3.6,

LeT R, ST é Ll (v, W). Let . be an arbitrory clement of V. Tldem |
(S"'T?(V) Sv "’TV = TV* 5\/ (T"'g)(\/) So LW,W) is commufative.

4 I (Heved I/ Bdeiae By Also, (R+SITTIVI= RSy + Ty =
,Rv +5v“TV’ Rv +(§+T>V =(R+CS+T))\/ Therefore LUW) is associqtive-
ll\f/f{Jr (T+O0W=Ty+0v=Tuvr0=Tv. Then O s the additive iledty £
LWV ).

‘W Defhie - GV s ST Thar (RS s
-Tv =0. So LIV,W) has an ad’aﬁwé verse 700f euvery element-
T%’W Note that (1T)v=1Tv = Tv, 50 1 is the mulbplicative /cl’ewf‘ﬁ/

All that remains is b show the distributive properties of o vector space,
Let NeF Then (AS+TIv= AT = AGy £Tv)= ASv e ATv = (AShr (ATl =
(AStATIV. Alsg, let qb€ F and miice that (a+o)TIV= Gto)Ty = qTv+bTy
= @Tv eI = (aT+6T)v. Therefore &bt LUW) (s 4 vector space.

b. Prove thqt multiplication of linear m_qpf"- has the associqtive, ety
and olistribative properties qsserted 1 2.8.

Ve First we show the associgtive Ff0>€"f;/ L6+ T, Tz,7% be JMea;f,
mqps such 'H'Ia']L Tz thaps /VI{O e D/OWQH’] O'F [ 2 and T, maps tﬂ)LO Jf ,
domain ot T,. Then (T, T2)T9)v = (Tn’Tz?(TgW’T,(Tz(T;v))— T, (TTd)=
(T (T T W

Next, we shouw  the 'lc/en+‘+y; let TeLWW), Ty be the identidy opembr

on V and Tw be e idenfity apemtor on W, W@m Observe
TIWNZ TV =Ty = L) = WTv.

Fmor“y, we. Ghou/' The o(ss{'r.(da+s</e FfOPQfJﬂeS LeJ( Q Réﬁ(u U) ano( o
S, TeLVW). Then (G+TIR)y= ($+T)Rv) = 5(Pv)+T(RV? SRv=TRv. Also, —
T(@+Rv = T((m(z)v) TG tRV) = T+ T(Rv) = TG# TRy = (T@ma)v
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7. Show Yhat every inear map from o one-dimensional vector space to
itself is mulf{plicafr‘on by some stalar. More precisely, prove that if olimV=1,
and T € L) then there exists A& F such that Tv=2Av for all veV.

TF =0 then by Theoam 310, Tv=0=20=Av. . . .
If VEO then by Exercise. A4, the list v is linearly udepencent. So by
Theorem 235, #'s a basis of \l. Therefore, Tv=Av. . A
4. Gwe an ez?t:l»iplé sf o Lunction. @: R'-R such that (ﬁqv%dcpv: for all
a €R and all veR* but ¢ is not limear. Bl AL ST
Cinee vERE, we kmow =) for same uuzeR. Define 9iRR by

Gt w=d
OV = W, V) = W T
(P EP .Z)A {Va““\/z it uzD

1€ u=0 Then gav= Qa0 )= @Oak) = 0 = a0 = a@(0,u)= aqV.
T O e i roHe e T Eaees ) A e (M G
If a=0 then @av=¢@0= 0= 0¢v=a¢V = AT wide
I a# 0 then Qav= QaU,y) = @(av ave) = AiviBdR= AUir 0% = A1) =
However, @(04)+ (10) = (1,00 = 1+1=2 which is not equal to
@OV« qu,0)=0+C+0) =1, Therefore, ¢ is not linear.
0. Give an extme of o function @:C+C such that @uw2)=@W+@Z for
all wzeQ but @ © not linear. o

Peéa” et o ’euéry: «€C, thetes some alé R such Hhat X=a4b.

Debue ¢: C-C by @uI=@latls) =0, Then vk rixeyi)) = @@t rips
=atx = Pllp) + Qrty). Huwever, @)= q(Li)=0# li=i-1=ie).
10 Pove or give o counterecample: 3 ¢ € PR ad T:PRZP(R) is
defined by Tp=qop, then T s a linear map. K L
belne q-R2R by 00771 HIbethodabty Let £h¢ P(R) Ther
(T@4))(x) = (go(F4h))(x) = ¢(Feh)(x)) = 1. However, (Tf+Th)(x) = (TOEAThx)
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ﬁ[: (gof)() + (Goh)(x) = alfeO glh(x) = 1¢122. Sice 1#2 T is pol
10 Sypose | is Linite-dimensiom| and TELW). Pwe that T is o
scalar mulfiple of the identity if and only if ST=TS for evey Se L(V).
Let v ke an arbifrary vector 1 V. Let S be an arbiary elewent of L(V).

Assume that T is o scalar mulfiple of the iclentity. Then for some AEF,
Tv=(ADv. Observe (STIv=(SAIDv = SONDV) = S(ALv) = ASTv) = (AGSINV=

(A = ALTSv = AL (5v) = (ADSIV = (TSHv.

 Now dor _the comverse. csume Hual  ST=TS. Let vy, be o bass of V.

For every k€{L...n%, consider the follaving.  Lef §e:V=V be defined
by £ )= f(avit-~+aWn)= Mve. Then Hor some aye,..,0h € F, we know
Tu, = vt +apevn, So (T = 4 (Ty) = £ (asetuv, + -+ Vi) = Ay e
T Lollows  that Olie,kVe = NKT)‘/;-_ =(Thve = T(wak(l/‘c)) = Tk, T}ier.eipwe,.

.T(V:—t"'*‘ Vo) = TV(T",‘-%TVVI = Uyt F OnaVin, . =) £ i ke

T

Now—we_art—to0_ show that 4,2 =g, We”"’ T
60”76 ,b/t»--/ybﬂ é - .. '\—’ \ be’ "t /15"‘;' )= ’U'f""*bnvn‘> ; ’

bVt ThuVn-) . Thenrtr B+ U—al et TVin) = L),(a,,,\/,t"'f"ﬂn,,n\’n>;
Oz

Now we wadt 10 chaw that a, = =%, Since vi-.,Va 5 o basis gl
V=t ot b Por Some b-sby € F LeT h:iVoV be defmed by
W) = Lot +bpn) = b2V, -+ b A Then (hT)u4---+va) =
.MC.TVW' - *T‘.’w) 4 (’1(0&,(%* 0V ) = Oy Vit AVt The/éz‘?ofe/ .

Oy MY ApViny = ChT )y +un= (Th)ye-+Vn) =T Ch(Vix=tUa)) :‘T(v,h-rlé_,)%;' ,

TVI e -f,'T.Vy)..( Ed Nyt T a,,_,,n-a V- - gUbf('QCT . ﬂ”.e rf%” 5/'0/6 pral'h -/.—he‘ Ie7d7t
1o obtain (0= Ayyz\h 7 7 % AggVps — O, V1= ~Qp-n-1Vo-1 v o flige 9 )
: : (q;,z - al,))vl + i o * (anln,' a”"/n,“)vn“ '

Sinee. Vy-yVaa is. linearly wdepenclest; all these wetficienls. ae zero.
Therefore, a,=--"=0un. So Tvu= Tty bavn) =bTv+-*bTu, =
Ba, Vo T % byl S Byt > <o+ 0l bnvin = Oy (ByY, + -4 bpVa) = V' = @, L)V,
Therefore, T is a scalar mulfiple of fhe dentity.

=
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 The pfoof of “IF T TS Hhan T is a salar my {—;ple of e /C/em[\Ly
~ gol quite comlicated, 50 ye#erofay L looked up 4 solution online wh%l
will repfodwce Lom mewory hate Todlay , h

Asmue that ST=TS. Let UysVn be o basis of V. Qy Theotem 34, fiaes
some. {mew” map R:V—=F such that Rv=1. For euery wéV, let
S i V7V be defined Iay SN = (RVw. * .

We shw tat S, is \inear. ZEAWDA Lot z<, eV aud NEE. Then
Suixty) = (Rextyd v —(RXfR V= CQx)v TCR}/?\/ 5V7< ”r§vy /‘Hgd/ o
SyAx = (K?\X}\/ = A(Rx)v %st?ﬂ |

Obsave. Tv = Tiv= T(Rulv = T(Sw) = L8 (TS0, = (S Dvi=
S (Tw) = R(Tuly = QCTV.?XV (R(Tvﬂ.)\/ Sice R(TWEF, we ¥row
Fhat T is. a SCafar muffple of the \Clel/ﬂuf)/ o

2. Suppose U is o subspace of V with U#V. Suppose $€L(UM)
and 5?0 Defive T V"W by T Sv if veu |

o 0 .Fvé\/andv¢u
Prove that T i pot a linear map on V.

We show a courferexample where V=R, W=R, U={(, ) xeRY, and
SU-R is defined bc/ 9(o,x> = % Obserua A ,
Ta,0+01) = T4 = 0 but Tao*TD=0+50, D,

However, T just realized the wuteit of the Volo(em was to prove fhat
T is nevev a lmeowr map on \, not to 9/mp/y orove Ynat it su't always
o linear map. So we'll prove ﬂnq’r pnext |

Becausz S#‘O fherre’s some. uéu Such ﬁ«ﬂ' Su ’-'fO pr u We;fe D \'hew.
Theorem 3.10 would el us that Su=0. Therefore, uz0.. Sice ue(/ and.
u¥0, we kiow (%104 Then dim U= 1. By Theorem 2.37, 1< dim (< dimV.
Since. UFV, thes becorhee 1S dim (U< of‘m\/ o Py kB Sar A

< tet m=olim U and n=dim V. Then. 1£m<n- By Exerise 2A Y, u s
linearly mdepemlenf By Theorem 2.32, 4 can. be extanded o o basis of
U, desen Upn s Thqf wsis of U can be extandledd to a busis of V@W%%

u (./‘Z/ IMVH/VU -‘/VW‘
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I‘F Vnéu/ +hen since U/Uz, /Nm,l/,m 5 a bas/s mﬁ (/ o(:m (/{ /M+1 Ba
stitce we know dimUzm, quag Vi ¢ U.

I utv €U, then v=wtvp-u € U. Therefore, uty; €U.

Firally, Taet) =0 bot TutTu = Su+.02Su# 0. Therefore, T is not «
,llm.eaf,VhQP,oﬂ.V-. o
:13 9uppose Vs, -(»'mfe-d wmensional. Prove Yat euery hhear mqp on q
sulbspace of V can be extended 1o a |inear map on V. In other words,

show That if U ;s a subspace of UV and SeLUW), theu there exists
TefLV,w) such that Tu=Su for all ueU.

[et m=cim U and n=dm V. Let tirthm be o basis of (. Then. by
Theoyem 232 11L can . be 6)<7L€r/c/ec/ fo . basis 010 V/ '“)”»’u?"/f&f <
(e RPN IR U, - Uiy N1y 1. Vin s o Lor- cvery veV, +hec’é’5
$dme -y n - 5F such +hq-f' V= ot +dmum."ﬂmfivm-ﬂ T dpVn, Le+ .
T:V-2W be defined by TV = Ttat -+ At G €+ Uoth) = Sl hor.

We shou/ ﬂwﬂL T (s lvteav LelL (,H/é\/ T!/nen for 50;#6 x,/ /Km}/u /)/m‘F
ek (rfj%u, KiVi and = ZYM *Z”"/'  Observe the {yllowing:

i=1 iwmt =me

Tfawn- (Z(N w? +i<><~+>/\’>) (f(x s + 506 +s/)v> |

E

i=met

o) S () (B
— T(fjxu +Z><V)+ T(ZV'U *Zy' ) = TM+T\«/

E3 izme

Lg'} N F Then observe:

Thu - T(?\(Z?‘V‘ ;ﬂifv'))? (ZW' +ZA><V')? S(Z?M) |
:g(hz(xs“;‘):?\'§<§%;d1'> ( K4 *‘l}:f\/> = )\Tu

A T ) CAae st Wthn) = S Gl Ko ) = S
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14 Suppose V' is finite-chaensional wth dim V> 0 and syppose W is
,M\einn‘&'o(}me_nsfqﬂql. fove fuat L(V/ W) s Mﬁ‘m‘fe. dimeu sional. e

Let Ty Tw be a list of lncar maps n LOUW).. Lef viyvn e a bass of V.
Let A be the set of every poir (ki) such Yhat k€$Y,-.om} and j€{1,..,n} Then
VlAI?mn. For every (knéA et Wi = TkVse Let L be a [isT of all such Wh,i's.

Lemma 1: Lv.cJI;_Tiéﬂ(\/,W) and veV, fIf’iTés il Tl then Tv 6;5de (L),
.Smce Tf,SPcm(_)n—«/Tm),, \ﬁor some Qu--10mé . Tkra,T;*‘"',*ame. /1/5,0, ,for. some.
Byysby € F . v=hi -t bavy, Observe: =

Ty= (a.T. + """'ame)v = Z;‘ak-’;\/ = ;Q‘I‘Zh%>: Z (ZWT!:?JVJ} = Zﬁkﬁb&

, o k=l M [ (k€A .
(A CGEA

Because. W is nfite - dimansional, there must be some weW such that w ¢ spandl).
By Theoram 34 there's some kneor map SELN,W). such that Sv,=w. Then by the
contrapositive of Lemma 1, since. Bt Sv,=wéspan(L), S & span(T,,.... Tm). So.

there’s no list st linear maps in LVw) that spans the space. Theretore, LW J's
infinite- dimensional.. R o

:15-; Sdppése_: v.‘,'--‘va, .s d I;ﬁedrly:a(épeéo[ehf :l::* G-p \f.ecj.fOfé M V gupfosé o
also that W 0} Prove tnat Suere esst w,..,wm €W such that vo TeL(w)
.54"735&?5 T\Ig."’ Wk '.For, each k:lp-,—/m. . v, o m  ad a

Because \WJ#0}, there's some weW such that w #0, gy Hhe inear ,def}em{encé
lomma (210, there's some j€§1,..omb such that & span(u,.., Vi), 50 for
Some Q- 1Ay é,F,. N;Z AV, 0 Ve A p ¢ 2 6 o

Foc every k#i dhoose wh=W. For Wi choose wj= W+ @i+ -+d;- )W, \We must
show that there's no TeLOVW) such that Tu=Vk, Assume, for the purpose of
contadicting, that there is such o T. Then w+ @+ -+di)w=W; =TV =
T@vr+a;- 050 = a T+ * i TV T awie 4w, = @t - W Subtract
(@t di)w Froms koth sioles fo gef w=0, which contradlicts our earlier stateweyt
= that W ED. :
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16. Suppose V) is dmite-dimensional with dim\ >1. Prove tuat there exist
S TeL0) such WAl STET St v NIl bt seadl Sematmde-stadis =%

Le* Vi /N be a pasis a‘p V. Then ‘H)f every veV, :\ffdn\/ﬁ"’;*aé.t/n; ﬁr ?oé/re:
Qe 10m € F l?e'ap,‘nc SN2V bg/ S §<a,u,+--'fam\/m) =&V, taVa, ,Dewérne T V=V
‘b;/ Tv=Tawv <~ +dml) = Vs,

Then (ST = S(Tch+12) = Sety) = Stvt0w) = Ov; +2u,=Ve.  Noce that
(T9we+ve) = T(Sv+1v) ) = T+ I) = v = Vi If vz, then IVi-lu=vi-Y=0
which_contradicts Vii.- Vi being Lmearly iucependent, Therefore, (SDurun=v, £V, =
(TSU+=)- So ST#ETS..

17 Suppose V15 fnite-dimensional. Show that the only fwo-sided ideals of
L) ae {0} qud LOV).
[e;hmé ’1 S.u,opésé‘_ \/V, isfot :ﬁ"ﬂ£;€?o/2n?oﬂéfoné( :ga:bspdcé a[ﬂd: v;,..i,% lS a ba5r§ |
of V. Let. Tff(\/)., If Tw=0 for every k=1,..,m, then T=0. Ptoo'f-' Lef vey

Then v=aw+ - +anm for some au--1méF, S Tv= Ttay ¢ - +pvm) = |
aTvit tOnlvm = a0t " *dud =O. Syce Ty =0 for evey veV, 170

Fist, we show Hhat 0% is o dwo-sided idea]. Let E€ 97 6o F=0) and Tel))
Fix v as an aditory clawert of  for the remaipder of tlis exeicze. Then

(TEN=TOV=T0=0 ad (ETW=E(TW)= 0(W)= O. So TEZETZ0€ 10%.

Now assame tha € is o two-sided dlea| of L) ldblhbadntpdr such that
EF308. We show that £=LWV). . Smce EF 03, Hiere's some nonzers Yo SEE.
Lel Vy.oylhys be o basis of N. Let k be an arbitrory elewment of §4,...m} for

the remaindey of Hhis proot For every i €8L--m3, define R,,EL)
by Rysv= v if k=i Using the lnear map lewma. (3.4 )—beh Sa 7

O if k#i

By the cmtropositive of Lemma L, since $#0 Yere must he some néfl...,m3
such that Sva # 0. Becawse Up--1Vn is a basis of U, therels some a,,...,amé F
such that Sup= awit - tamVim. Since Svn#0, there must be. some. r €., m}
such thatl ar#0.

Le-} LK: Rr,ks RK,Y\ Cmoj Mw ﬂdfe W“+ \'/7‘[0‘\}'*,",*: me 7£DV‘ QOMcZ h//bméF:
Then L\c\/ :(Rr,kS)<Rk,n(b¢U/+ g "T"lom.\/m)) :<erks)(bRk,ﬂVl+ = ’*.mekm\/m ) = ,Wr,kg)bkvn.
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: 50 Lv.k\/ "; (Rr,,; S >,0;<\/n : RY,& LSVKW)) : Pr,k(bksvn) = Rr,k (h(ﬂM* . '+G@V@)) :
o = Ry (bopa v+ - -t bocBmvim) = loot, ReicVi + 7+ =+ byl Re Vi = beapNp=arhy.

Then (Lt TLmv =Lyt Tl = adovir -+ o butn=a (Bt - Vo) 4t
= ayV. T[ftefe\pore, Lrtlm=acl,

Becquse £ 5 o tuo-sided ideal and S €€, we know that SR, €E.
Similarly, we  knows tat draBeeSosm =R SRun € €. Then since subspases.
we dosed wder addifion, HiHRRR o T =+ TLup EE. Sine subspces are
closed nder scalor muftiplication, T=ag'al €£. Now. lef TellV). Then
T=1T €€ Theretore, £=LV). - S

3B Null Spoces and Ranges

1 Gue an examle of a linear map T with duwe null T =3 and
dim range T=2. = R

Define T: R-R* as Texy..xd) =&uxd. Then mull T=4veR:Tv=08=
{ (RiyenyXg) & Kiyers xf,ég aW( TCK;,-r:/Kz;:)?O?: {(Kl/"i/x5):,)<!/."'/255‘ék QMC(. [)(;/Xz):& ,
S 5(D,0, Xaxa, %5) ¢ KaXay X5 6 R3. Then 0,0,1,0,0), (0,0,0,4,0),(00,004> is 4
basis of mll T. Therefofe/, dw wyll T =3 . e |

Ao, range T =1 Tv : Ve R} = Tt X507 Kooy s € RIZ 100D 1 Kot RE
.: RZ SO dr'm,raﬂyeT = C,l'[/}’(. KZ = 2, . v v . , , . . .

2. Sypose STELW) are sach that range S & ull T. Fove that ST=0.

Let v be ap arbifrary vector i V. Then (STRv=(GTXSTYV = ENETV) = .
6TV = 5(T( (TD). Ve know that S(T0) € range S. Then sie
range S € pll T, SCTv) é null T, Theretore, T(S(TL)) =0O. /46/0/«‘7(20'14(/% by
Theorem 3.10, we know that S(0)=0. Then ($TRv=ST6(TVN) =5(0)=0.
Bocouse (STRv=0 for all vEY, we know that (ST¥ =0.
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3, Suppose V..., Vi i & list of vectors in V. Define TELIF™V) by
,T(Zu--:/zm?: 2Vt "t ZmVm. i Lo A jui o0 o om wn By Baalia o oB o . .

aa.:\«/.haf proﬂérfy O‘f AT,Co’v‘/e‘spohds fo v. 7 Vm Spclﬂhiné V?

We show that Viy-..jVim spans ) if aud only if T 15 surjective.
Obsewe how range T={Tv:veF =Tz, .zm) 202 €FY =
,{Z(.V/'ff"'fszm: Lipevig2yn € F}:SPQM(V/,--'/VW>! We. know Hlétf Viet Vi .
spans V' if aud only if spony,...,vw) = V. Rlso, T is sunjectve if and ouly
A rage T=V. Swmce tange T= spun(ts, V), these are identical cuditions.

0. What ‘pfdpe'r‘fy‘_of'. T cdrréspdnolé 10 Vit Vi bewg (éueajly: cudepéndénf? |
;Wé Shouk ﬂfquF \/;/an (S _’i(‘Vlec‘z/ly‘. ,‘MeMdenf HC qno( o/l(y n[ T (‘é m;jec{%t‘de;
Well borow from a Tre fact that range T= span G-y Vi .. Then for evely

vE rapge T =opau (Vi Um) we know Fhat for sowe Q... dmé F,
VE AVt T OV o

Vow assame that There's some by,-.ibm € F such thaf theres some
k€{'l,,mz where {0547{:0 C.WW( @:l/z",’"i"’bm\_{f.o-_ Them Vip--+f Vi =R
1ot \inearly wicleperdent. Also, Tb,..., b=y, t-- * bmvn =0 g0 1ull TEDS
Therehre, T is rot mjechive. ‘T 3 TR D Tampt all

_Howev,er, { there are 1o Klo,,,,.-,bmé.F‘ 5d6h:mq*',é,Uﬂ”{'rbmv&:T(b:1~'/b:m>’% 0,
Fhen V- Vim 15 linearly udependent ol mll T =10}, whch implies T (s

.(‘VIJ.QC +l'(/.€- ,
4 Shoy thet {T € URT,RY): dim nall T >2% s rot & isabsp:ate: of L(R;, RY).

Let U= {TeL(R%, RY) : him pull T > 23, We show that U is nof o subspoce of
LR RY). Defire Te LRIRY) by Ton,-ixe) = 0k, x2,0,0) and define. SELRTRY.
l? : §(><,,..-,X;) = (0/0/7§3,X4), Then nU”T:{(XI/-"/Xs’) éRs-'T[X,,,,.,K,>:O}:
{0, 1% €RT ! (6% ,0,0)= 0F = (00,%5, %4, 55) @7 3%y %5 € RESo dimmll T=3
andd T€U. Similarly, 0ull 5= 1 0%%0,0,6,%6) ¢+ 5%, %€ RY. S0 dim nall 523 anc|

Se . - | | o | | |
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Consicler Haat S+ T)ix-1%g) = TRy B+ Sy -me) = (R, %, 0,04 (0,0,%5,KD=
%Ky Re). Then pull (S+TY = 505, %)ERT GTx, k). 5022

Sk, -1 %) € Rt (K %e X %g)= 03 = 100,0,0,0,%5) * K5 € RF.. So. clim nal (SeT)=1
and StT & (J. Thep U s not closedd under ado/.{ffon. Thevetore, U i pot o suliseace.

5. e an exauple of T€L(R') such that range T = null T

Define TELRY) by TUhsVe) = (s Ve 0,0). Then observe:
- : P A
range | = {Tev )t Vi) € RFE =8 0V50,0,0) ¢ V3 Va6 RE
‘ = {(VI/VZ/O/O) ViV, €RE :.ic\lu\/z/va/\@e R4 ' (V;,Vq.,0,0):.O}
= {(Unr--/.\/;;.),é Rq' : TC\/:,e~/V¢).: or = null T,

6. Pove that tuere does not exist T € L(R’) such that ramge T= mll T.
Assume, for The putpose of codtradicting, that there is. such o T. By the .
Sundlamentn| theoram of lner maps (3.21), s lrthmmd
YT 5= dipn R* = dim nal| T + clim range T= dim null T+ i pal[ T

o = 2wl T, o a & Sganks el
Divide both siles by 7 o get £=dimnull T. Because 3 is not an infeser

bit we kmow Hat the dimension of a subspace s always an integer, W€ haye
the olesired confradiction.

7 Suppose N and W are Tinite-chmensional with 22dm\) & dim W. Show
That {TELOVLW): T is nst injectivet is not a sabspace of LLW). .
T et wyla be o basis of W‘l
Lot U=§Telw) i T is ot wjechve?. Let Ui Vi be a bass of U
Fx k ac an abitvary elewent of §4,..,m}. Defing SELVW) by
S, =40 if k=1 cand T LUV by T, :XLO i k=2 using the
W b kel . T YR T e of k#2 \ .
.l;near,MQp Jewm[}”r), Observe:. e bt et aan ool EMat N M
/)UH S :{Vf\/ : ,S‘/SO};{G;Vﬁ-v'*amUm..’ a,;/-"/aﬂzéFGﬂG/ 4 QCC(,\/,'f."'TamUm) :0}

. :.{Q:V:'f"';"'aml/wl : ,a‘/'f"/ayr]é. F ano(,q,gtl,-r".’ *',ayn,g\/m :0}
=i qut o tdmV i dyeydm € F ad Gt tdmWm =0%
 Since e W 15 Jinearly inclependent, g€ - Qnin=0 inplies a==0m=0. 5o
~ nll G =§avi: q€ F 2 = ¢pan(V,. Similarly, nall T=span(e). Then dimaull $=
dimall T=1 which phes that neither G vor T are injective. Therefore,
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Nowever, lefis fuke a lok ot mul( G+T):
full forT =" o= OETipany °, Al o pd =UTREL Il vl S
= {auux"’,"","' ol + Clij-.) A & F C(Md (STT)(C{M*'”‘"OMVW)";O} g B
= fC(‘\/,’r"'.* Amlen* oy A€ Fangl algl/,*"'*amévmw,Tw--:«‘amva:0}
o {(1‘\/,"" Ol Vim o‘u---/dméF.aMr Ot AWy 30+ -+ Oy, +a,w,+0+aau/3f--<fa,,,u/,.,?0}
= {q/‘/ﬂ’"""'am‘/m"C(,,...,dm €Fam;( A+ QeWe* Zoswst - -+ 20,Wp =03
) : %C(.V;f"'.“"am(/mi 01,‘—”""—'0{_,4,:.0?;{0}. v ‘ S
So S+T is njective which implies S+T ¢ U. Then U rs pet closeol under
addition. Theretore, U is not « subspace of (). R4 L

3. Suppose \ aud W ave finite-clmensional with cher VZolimWZ 2, Show
ot O0@ U=4TeLWW): T is mt sujective? is ot a subspace of LU, W),

Let m=dmV cmd n=cimW. Fix k as an arbitrary element of $4,...,m3.

LeT Vi Vur be a basis of V ond . wii--rWn be o basis of W. Using

the linear map lemnq (34), define SELVW) by

Q= 0 hé) k=1 or k>n and TELOW) by 'T\/k:’{o i ks2or k>N
P (We oftherwse o . b

We otherwise . . —

Olgeapig® N~ 5 500kt & 06 T BIWIERR SRR e e DV
rame §={Sv:veV}=1buw Sav - +dmm) Q... dm€ FY
: - = EQ,§V',"" 612sz "."".'Tqms\/m.: Ayt Qm E F} S
. FLO0 U 0t Qe Uy € YT spanWeye W),
Smi larly,  range T=span (@i, Wy, -1Wn). So dim pange 5 =dim range | = n-1. .
Then neither BYBBAV range S nor ramge T s equal fo W, which mplies. that
peither S nor T s surjectve. Therefore, G, Teld. However. =
range (6T). ={ (ST i v eV 3= {(SFD@U-- +AmVim) © d, ./ Clom EFS N
_ ‘ .= {(J,g\/,fazgl/ﬁ @ v+ - U € GV, € A LU g Vg™ 10y [V * O, ... iy € Fi
2L D Wt At o Hopa F w0 syt $ Qi ¢t Ayeydn € T F
YT R :.{OLW.,*C{zwzﬂ-ZQ-,.wa%—-_+Zq,,\,u,,:q,,_,.,anéF}:.quwfw.,...,u/,,;):-u(,\/‘,. v
Then . STT is surjective, which implies $tT &U. Then U is nat closed under
va(CfopiHon, T[Aerepwe, U is noft a sqbspace of Lw). . & :

—
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q. gq ppose TGLW W) )9 M‘)e(,\L ve auJ V., ,Vn i5 Lnear(V mdepewdenf’ in. V Proue
that Tv,, Ta 35 linearly Mo(efeno(en'{' in W.

Lt on, - he scalars such b 0= a{Tv, .o+ ag Ty = ~T(a.(/,}'--;'ro(n\/.;n)'i
Sie T 5 imjectve, T+ +apun) =0 implies That aut -~ tau, =0. Because
My A7 (S, lmeaf )ijepeno/eﬂf ﬂns thes A, T Ty = =0

10. Suppose ...,V spans V awd TELOW). Show Yhat Tut,... Tum spams
rangeT

ranqu (Tvivey?={Tv: v € span(y,, - NE fTZq,u,+ S B /OLnéF}
=LaTy+ - +a,Tu s 3,100 EF 3= spamn (Ty,, ..., Tun) .

11. gq sse that V i .m+e o(.mensuoﬂa’ ancl that TGL(V/W) Prcve that Hlerci
e‘L.S'}'f a sulos,oace U of V such that Unpull T=10% apol rangeT={Tu:ueU}.

Lle o /Wm ba. or.chas, il nuHT TlAem we  can el ok ot . agsis

OF \/ Wl/ /Wm/(/,, /uy) L£+ u SPa”((/{I, /Un) Wh(ch meahs u(/ /UI’I ‘S a
bag, O'P (/(
7.

Frs»]r we s('mw ﬂ/lajr (/mm T fOZ CAGG 'Tv/*'v' L@‘f \/é (/{ﬂnu/T glncev
V€ nU”T we know ﬂfe/e's some  dyy-. F such 'fhf vEaw,t: et AuWim. .
Since ve U, we kmow therds tome b, u,/o éF Such ﬂz(jfv b, - thUn.
Tbrew QW+ fq,,,v/,;,-\/ bullf 4 b,Un. gaé'fmff 10,(4, “tGUn . ﬁom bo'Hﬂ F(0f€9,
+O + aw,t "'amu/m"“"q[ bwun =i gMCC Wt ooy WpnpYBtn-pUn . (S. [:I]@.C{f',{y,
‘"de"’e”de”+ fuis implies o= = am= = = U= 0. Theretore, Vzaup-+amm=0

Next, we show that vamge T= {Tu: e}

.raW9e,T $Tuivel§= iTCau/,f A Al ot F0pUa) £ G,y Uy U € F}
) {T-(le/;f +amu/m>+TUo.u(+ "'l"nur\); Oliy--¢Qm s Uy, - /MﬂéF%

{O-t--r({l)b(,* "'lom(/(n.) b‘/ /bé F} {TU uéUf

12 Suppose. T % a lmear map. from F' 4 F* such tat
wl( T= {(ﬁ.,xz,xa,x,,)éF" &=5%2 andl x5=7x4}. Rove thet T is. 5arvecf.ue

AV (I L

49 TP by 8
M Frs‘} we. skou/ ﬂtai_ (9, 1/00> o, 71) s a bas:s c)]C nul [T Le"’ q,,qzé F sqc% ~
'qu 0 a, (6_ 1/0 O)+az(0/.0 7/ .(é‘(l(/a,/-](h/ az) gﬁ Q;=0:" 0 Qu&( '“1( 1(57[ 15 ,tﬂﬁlf lvdtperdeﬂf’ .
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Olo;’erue ,

,m(, T {CK,,Xz,Xg,)(‘;)é F ©X= g?(z alflo( X3= 7&% f<§z<z,xz,7&,><4) KZ,X46 F}
= {x(51,00) + x00,7,1) ¢ %2, Fl = span((51,0,0), (00,7,2)).

Therefore, (5,1,00%€,0,71) is o basis of nll T. So dimnpal( T=2.

By the furdamertal Heoram of hear maps (3.21), 4=dm F*= do pall T+ dime range 1=
Z*o(nm rauge T, Subfract 2 vom both sjdes fo 7ef dm range =7 B theorem 31%
e kiow rangeT is a subspace of F*. Then by Theoren 239 we know o
Subspace of \Dql [ ofimension equq{s the whole space so fange T = F*, Theretore, we
.kww gt T s sar,;ecﬁve

13 Squose u is o Three-dmensional sabspace of R and tuat T isa lwear
map from R 1o R such that mullT= U. Prove fhat T is. surjectve.

B e Ludawertal theprem of lmear Wa 5 (3.21) F=dwr R®= domnall T+ ofow faﬂgeT—-
,de*olmfaageT 3+ oliwt range T. Sub’mcf 3 from IoolLM sidles fo get |
dimrange T=5. Sipce a subspace of full hwension. equals the whole space
range T= R, Thevefore, T s surjective. | Jfirs ey =4

14. Pove that there does not exist a limear map from F* to F* whose null space.
etluqu iCK,,)c,/)(3, Ke. xr)éFs' K2 37(2 aﬂd X3= 7(4')(;} kel .

Assume 7‘0 Hre Comtrﬂfy/ HyoﬂL ﬂw‘e is Sack a [ near mqp T éose nbr// s/oace
e@c(a u {(x,,xz,K5,2<4,2<5)éF X7 3><z ahc/ K== Ks‘} Observe . ,
null T.= U=Sex,x0m,55) EF': ke and Rszla=x5%
, = §Cxa, Koy K3, %3, %) + Ko X5 € P32 {x,3400,0)+x:0,0,4,11) x‘,x3éF}

= st oA 5 pan((3,1,0,0,0),(0,0,41,1).
Ther@[o/e dimml] T=2. S,nce ranse 1 15 a 5q175pq(e of F c/mrwgeTz—Z

o ﬂte FWC(WMM S — 018 )Meazf maf,DS 3 21)/ we knau/ +ha1L |
™~ 5"o!m F= dm nl T+ dmrange T < 2v2 =4, which /s a co;dm/{cﬁon

Suprase  There ‘S,'I’S .c(,l;neo!r ma dn, V. wlfose Au+—Space _gpA— nye are .

hottr finite-Jimensianal. Frove ‘Haa‘f V s {pitedimensionat:
L fomnegal Ve
Le¥ T be safc/ inear Map. "“’u p&%ﬂ/@ infeyers M,n sao& Hyat

m = olim na/ T ; =W Wdﬂﬁe l B fbe Trartal—theorew: of [year Maps (.20,
dm = mgn gt ST ih e Al .
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15, Supose there exists a lwear hqk T on V whase. nl 5pa§e and range we
botn Fnite-chmensional. frove that V is fiite-olimensions!. i -
Let m=clim mll T and 0=l pamge T, Le¥ vy iVur be o basis oF
mll T. We mist show Hut V is Fuite—climensional. Assume, for the
purpose of contradioting, that Vis. Fuite-olmensional. -

‘W,e Shoa/ ﬂ’ta'}' ,‘H/ler’e,'S Some ’/'/"»ﬁ'.':?'fgzr,"q,'/,‘ga;”.i!; Z;[A carfy ,Mdepem/e///]{' ,};57,L
o, Veetors Ve Vinats s Sinee i M 1. @ Lbasts, ot nall T,it's
linearly indlepencloat.  For every infeger m £k £ mente, qssame YT
Vypoer Ve 15 linearly \w,o/epeﬂaleﬂ‘/i Because \/ is jutinde of:wensional, we
kpow ..V cloes. not $pan V. Then there musT be some Ver €V sucr
thet Viwy & Sp00alV,, - KD Then by the corfrapositive of The lwnear
_Jcp.zwc/encc lomma, C2.49), iy Vgt 1S linearly ,;‘mc/epeno/ekf}é, e

W S Define  SE€L(spanli, .., Vppnsd, V) - using The lincar
map lewmma (3.49) by Su=Tw. o

\S<APHPR]

We show Hhat mall S=pall T. Let vé mll T. Then V=it +due
for some ay...,am€ F. S 0=Tv=alu+t - +aqslVm= aSVt-*an5Vm= . .
_5Cq,\/.+~:-¢- AmVip ). = Sv. Twe-fofe,_ vEé Vlu// § For ,inc-/us/an i . fhe O'fher‘ d.'/ech'o,vr .
ZQ'\’ VG.VM“ SE.S’PCAM(\/,,M/ VM.WH—\). Thfn : VCO(‘ some Cliy -1 Aunarntl éF,

0 ks SV = SCQ:V,*‘ o ."dm+vvts\/w+n+t): a‘SV;"'T * Aty 41 SVM1'M+{ &= C‘ITVL""’,’*G_m-c-n ) Vim+n+1 =
.T[C(,VM"?'F am.mﬂ\/m-e—nﬂ) = T\/. .§O, vV E null PR

We show that imhge’.SQ ramge T, Let w éWae‘S.: Then ﬁorcmg
VEé Spqm(v,,,..,,,\/mnﬂ), SVEW. So for some 0 - Amines éF,.

W= 5\/ = 0.5+ * At S\/mmﬁ w _Q;TV\ o +am+nﬂ_’l—\/m‘m-rt :.T\l f.rahgé T Tken.
by Aheoram 237, dm range S < dim range T.

Finally, ly the budomantal theotem of |weor mops (3710, . .
mrn+1= dim gpan(V), ... Nmmsan) = dw mll S+ dim range S & i pal | T+ dum mgeT:,
m+hn. Add ~m-n to koth sides fo get 120, which s our desireo] .
Contvadiction. . s elb rme AGEERL R s Sl bode
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16, Shpmfé Voawd W are ,lodfh g

nite- dimensional Brove +},af Here axisto

an injective Lngar map from V to W if and only if dimV = dim /.

The ,‘cowf’f‘aposs'lLivej 0ﬁ€ ,H'Iéorérh Z.Zl says | %haf i there's an fnje,oJr«'U_é ,/.'ﬁéaf
mop Aom \/ Yo W, than dm V 2 olim \U

Fov %he?cohvem:,: assime. JfﬁwﬂL dm V2 odm W, Let \/,,.-»/Wm be « éaé/sj gt
N oand fef wy..Wa be o bosis of W, Spee dim V£ dm W/, m e Using
the lineor mop lamma (3.4) debine T € LUW) by Tu=we for every

k 6{1/ s/ VH}. .Obsefl/e ,,

wll T=4v 5,\/‘.T\/$07!:,{%Vlr"t+ R F aho{E{u,f-:*amUn,):.O}
= Ut o, i €F and aTur tanTumT0OF |

E Aoyttt Al ...t EF and auit T oW =0

Feéaa;e Mg Wi, 15 .[ineqr/}/ _ina/ependa//h owpr ¥ AW = Q ZVMPI{‘CS ‘th"f .

CE =y = 0. ,There,\ﬂore, |

1l s b, N e B SO SLOE, ST oo e, ™

17 Suppose N ol W ave hotn bucte-olimensional. Prove Huat thae essts —

a surjectve linear map from V to

The confrapasitive of . theorem 7.24
map from N Yo W, then dim V = dim

For the seive. ovwe. Al S V

W if aud only if dmV Z dim W.

say/s ﬂm‘ if fhere's q sarj,ec‘r.’ve linear
W.

2 o/{m W. \we know there's some. buas's

AVITR T of \/ and some. bas’s W, -y Wn 070. W Sice dmV = dim (1/, m=n.
Using, . The linear - map .(emzﬂq.(?._ﬁf)iu/en[{'ne T€ LW by Ta s {Vk J kén

for eOery RETT L, lM} Olpserve
range T= ETV tveVs T—.{T(C(,U,rn# OmVm)

LO ofherwse

al/'!'/am é F‘}: fGlTV,""'""C{mTVm :Cf,,-.-/q’mé,F}. )

P : {Q|V|f . 'fan\(/m -1-0 : Cf./ r:s/an é F}: SPQM[M/"’/W)’]):W'

Theretore, T is surjective.

1 CquaseVam( W are fnite-dimensional anc that U is a sabspace of V.

Roye that there exists T€LVW) cuch that mll T=U if and only i

dm U= dim V-dem W.

:Aséamé Hore erists sucha T. E"ecad;a:mrzge Tisa éabfpacé of W, dm mhgeTéo{;'m \4/
The fundamerta| theorem st |ineor aps (7.21) gays dim V= i nal (T ¥ clim range. T



TN
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igol‘;ve‘.{:o:r du’M nu“ T '1”0 OL"(‘CI(VI d % . - cwm Baudy o
e (U= o pull T = dim = clim pomge. | = Sim V= dim W,

For Hhe wmerse we start by assuming G dm U Z dim \) ~clisg W.. There's sme.
bass Uy-qUe of . By theorem 2.32 we can octad it to o bascs
ey Ue iy sV OB L Ao, Hhere's o basis w,..own of W. So dim (|=c, @i
dim /= ¢+m omo{ o//rn W=n. Then sine o(:m u ?of.;m ,\/',d"m W/ we \ecwow
¢ 2 c+m=n, Flip and odd ¢ fo. both sides o gt m-n £ 0. Add n o bofh |
sides o obkain m<n. e B Y 7

andl j€ $1,0 6

iNO(’z/ Pof: euéry kéﬁ,/ M}’/\A/e may Use. fhe ,[('Weqfimzz%o /emkm [)’.4) :Jro 0/61(:"'6

T¢ LWW) oy Tue=w and Tu;=0. Fma//y, obserye e Sl
nall T.= .{vé\/'f Tv :0,}; {Ol,.u.‘*.""',’qc%'f'.{01\/‘*"'.*‘Iom\/m . Uu't'/(’(u@u.--ybééF.
S ,OMO,{_@M‘T"'.*‘ﬂﬁllg'f-éz,uﬂr'-'rbm\/m) ’,;0?5 ,
= a0t e *hn* Gyl e m €F gl
o .l ok ah g aTar o T+ hTue ~thylvm=0%
o _'_;{q|(,{44—”7"0(c(1c'¢7‘0,\/,,*",'f"?yn\/m'lQ”.,,/ac/h,,,..,bmé_F,ﬂ”O{ O+b:‘4/1f""".bm“/m 90?
Sice e i liearly wdependert, bwit -+ byum =0 plies bz =bu=0. Jo
Wl =S au s *a,u, +0 ¢ Qyemya, € F3=spanliy,.,Ue)= U,

19. Suppose W is Luite- oliensional ard T (). Pove Hot T is injective
it and only if Hare exists SEL(WV) suck Hat ST is the «‘deml.'ﬁv opavatos
on V. o o o R N = .

A;;W@ Hmjfi T \‘si in;]eC;\L\"Vei- ‘.Th/et/ll. ﬂd{/ T:fO?, 55 o/:‘m:nu[f Ttﬁ :grw:ce ..ranige I.T
ic o subspace oﬁva Lnite- dimen Siopal spage range T (5. fwite- damensional.
Then because nyll | and Prange T we luie-dimensional, exercze. 38.16 tells s

.'/'hat.‘[' V 'S 101"1?7,’6‘,/7{5”_46”9‘0/7,01) . g;/lce Hztefe’g .an . im‘e&{i(/< [.‘ﬂeaf map T #fam V"}o, W/.
the cotrapositve of thearem 322 fells us that dim \/ < olm W.

,giktce Vs ,wam}ér'cJ(MeMSionaf, ﬂzere’s some. lasis Gijrer)Vm. 010, V. We How 'Hm{’.
T, o) Tum is [inearly ,Mc/epemleﬂ{’\f”, W Let Bl Al | e scalars. such that™
LO?q(Tv.f'".* O‘MT‘/m,: T(a,. u,,«—'-,-mm\/m)., gecause T 1S ‘yﬂ;ecﬁL/‘t/e, .‘Um‘s Emp/.t‘€5
O=Quy+ % QVims SinC€ YV 35 |inearly wdependent, ==, =0..
Then theorew 232 ¥ells us that T Tvm can be ectondoo] to o boss
Tihre et T ool of W Now we. can use the luear wap Jamma G T
defme SeLW,V) by STVe= V. and Sw=0. . | :
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Lm‘ \/é\/ Then %ere‘s $0me b,, ,Iomé F Such ﬂwf = b,v,r +lom\/m |
Thea 5Tv = S(Tloyer--+bwiiw)) = STt +l Tvim) = by STv v+ 1, GTum =
lO,V, \/ T{om\/m =V. SlVlce, STv=v wcar el/ery vé\/ ST 15 Hxle :O/emLfy p,oerafof‘

.on

Now ﬁor ?'h@ cmuefse asswe fhcﬂL fheve's some Séf_(w V) seclh ﬂzaf |
STu=v for every vell. We must show fhat T i ijective. Mssume, .
e purpose of Caﬂjr/qo{/cjﬂn 9, At DT e not mjective. Then There HT e~
some U €V such Yhal Tu=Ty but u#V. Houwever s is contadicted by
U=STu. ‘g(TU\> g(ﬂ/? ST\/ =V. TM—eYQFO('e Tmus'[,' be M‘,echue

70. S po;c W is \Q.ml-e—a,\menslowal and Te L(V,V/) P(oVe Hat T is wmec’rve
\oamc/ only if thare exists € L(WV) such Yhat TS is the .c/enf.fy a,oefqor
o ML L, T : | | |

Asgume ﬂ,,af T is gumec\L»ue Ther/z V“owgf; T=W. Let Tv,, ~/T\/m he
A has's O'p ranye e V/ : ‘x"ﬁ"ﬁa-" i:’a’r“‘r"'sﬁ»gl-' e O
e T Using the lincar map lomma (3.4), delme CELOIY)
"0}/ ST\/;:—V;; U/e :éou/ ‘Hm’f' TQW W}ﬁdf evely Wé\N Le+ wéW’Wem
for some O, ....dmé E, W=, Tv,> """ OnlUm. Observe |
‘ > TSw= T(Q(aTu, +amlwu7> T(aSTvi* 5 a,,STm) =
.T(a,l/, P -fatm\/m) aTU, , *QMTVW/W szeae#oN Tg s HLe tC/en"/?/'y
.ap,efa.'foﬁdn W. . , o . . . o

For the copverse. assume That ¢ LOWV) such thf TSw=w. for €V€ry
w€ U/ e musf show ﬂ)a‘f‘ ! s Sur\/éc'}v(/ve , M oﬁfcr (4/0/0(5, w€ must showw
that ranse T=W. Since TELWW), we kow thal rangeT (s a subspace of W,
For inclusion in the other o/mcc{‘:w et wel. Then w=TSw=TGw)é pange T.
Theretore, fange T =W/ ancd T s surjective . s e e v

21, Sy r705€ Vis Lute-dwmensional, TELWW), aud D}J s a subspace NI
Prove. Jrha{' Az$veV: Tv €Ut 56 o subspace of \ anr ,
ditn A= dimnull T+ dim(UNrange T). e

Spee TO=0€eU, 0¢A. Let uv eA. Then Tué(,{ i, T 80 Cies C//sr
closeol ander adolifion, Tu'f' rearapr Theretore, y+v €A, Let NEF.

Simce U 15 closed dmfef scalar my fp/,cgn(;am, ATu= TGuw € U. Theret ore, )\uéA
So.we see That A meets the conditions for a subspace (1.34).
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 Now we must show that olim A= i ull T+d’.m‘[admnga.ﬂ Defime. SeL(AV)
T hy. Sv=Tu forall veéA. By Ye fundamental tucorem of [umear mqps (3.21),.
dim A=dim nu[leo(mnangeS o , .
'na[ 6= fyeh: Suz03= SveV: Tvel aqudl Su=Tv =03, vgu\/lcé U s a s@bs@mé
.o‘F W ool 0 i i every subg,oqce, Tv €U 15 otla/ays‘ true when Ty=0. Tharctore,
dll §=4veV:Ty=03=null T,

Nest, well show That vame § = Un range T, Let w6 rame o Thew w2y
{o¢ ""«t'frﬁﬁfa--*«r«w e, v EA. Sime wt vehA, TEU, So
w=fv=TvelU. Also, w=Sv=Tu & roamge T.. szereﬁofe, weln mﬂge T..

For wclusion in e ofher Lyection |et wé Un ranqe T TI«M since

Wé/angeT w=Tv for some vé\/. Aso, Tuzw €U so PAYY Because 4k
A WA CHR AT AR éA we . Smow w=Ty =Sv¢€ fange 9, Thefet%f«e
.(‘ange S= UarameT, R ayn &

Then dim A=chim nall S +dim rqm;e9 olmna{ T'f‘o(rﬂ'? ((Inmﬂge T) sk 15
our desireo] vesult. |

22. Sa prose and \ ave Lwite-olmensional vector sPacee audl GELVW)
andl Teuu V), Prove that oliw pull ST & chimanull § ¢ divz pall T.

Notice Hoat d mull ST = fued : STu=0% S ued + S(Tu)=08=Fueld: Tuenull S3.
Because T€L(U,V) aw{ nul[ S is o subspace of V, we can apply Exeseise 2B.21
to obtyn salH et CeriRadBr  dim pull ST=oim {ued: Tue null S§ =
dmnull T + Jm(nulf 5“%496 T). -

By the dimension of o sum (2H3) (solued fr The dersection), we krow that
olm (ull S0 rangeT)= dim null § + diwr range T = dim (pall S+ range T).. Since
fange T is o subspace ol S+ range T, ofm ragg e T4 dipa Gl $+ rqngeT)
wlfuc/f\ |MPI€9 odim ramge T1- dim (nul( St ramge TY 2 0. Could have jusf VIOhced
thut aull'Saranye T is o subspace of mull'S so. dim (nall S0mye D Jime well S
Therefwe,
~ oim [ ST = olmnul{T+ al,m (Malsﬁranqu> |
= o nall T+ o gl + olow vange T=olim (pull $+ rangeﬂ
/—of.mna[[T‘f‘o’MylMHS""O su TR T T -
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23 Supy0$e. U avd V are finite-chwensional vector spaces and § € (V)
and TeLIUNV). Prove that dim range ST min{cliw range S, dimn ramge T3

Let STu, ..., STuw be a basis of tange ST, Fix k as an abibyury
element of {1,.,.,;443 for the remainder o4 thes pfoof.’

Jince  $Ty, = §(qu7,€range S, we Enow Hiat FCaA &
5p04 (ST, , STw) 15 o subspere of range S. Then Uy theotem 2.3/,
m = dimt span 5Tty STua) € ohim vamge 5. ©
Becawse for evey k, Tup Evamge T, we knw that span(Tu, ..., Tum )
s o subspace of range T. Then by theotem 2.37 we can infer thel
m=cling span (Tq,,..., Tue). % cdip range T Y _ SRttt

Since dim tange ST = m < dn tange § anl climruge ST =w < clon vame T,
we kwow that dim pomge ST & min {chm rampe 5, dm range T3, dhichis our
,0185:‘neo4, rqﬁu/ﬁ L T A S

o Juppose ohim V=G avel S, Te LIV) are such Hhat STZ0. Prave that

Adim vange TG = 2. | S - |

By the bundaments| Theorem of [uear maps (3.21), we fwow thal
5= dim V= o aull ST + olim ramge ST = dim yal( ST +0, so dmmll ST=5.
By exercise 3.22, 5=dlim nall ST & dim mull S +olm aull T. Apply fhe Huncaments|
theorem 1y § anol T fo see that 5=clim \V =dim pall Stolim rame S and
5= ol = ol nall T+ dim ramge T, Solve for o ull S auol o aull T to. get
olim nall §= 5-clim range 5 ancl oo nall T = G=clows ramge T. Tl Wik

Then 5% olim mall S+ dowe mall T = 5-olim fange S +§ ~olim kaﬂg,e T Solve for
dim range S<olim rame T+ see Wt
dim ramge §t o/ckn./‘amgz.T.é i

Assume , 4or the purpose of contradicting that min {lim rme &, dim range T3> 2.
Then since dimenson is an nteger, day min fw range S, olim fange T3 = 3. 50 .

dim tmge 5 Z 3 and dim rtage T 23, Then by the earlierds equality
Gz Jim rame S+ olim range T Z 3+3 = 6, which (s our desired contradliction.
.T&;ere-pofe/ pin folim range S, Jimmfige Tf =2, R S
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Fiom esercise 3B.23 we kww fhat
dim range TS £ min {chm rampe T, cAim range 53 < 2,

24b. Give an ekample of ST ELF?) with ST=0) aud olw rame TS =2

Dedne S€L(FT) by gx,;xz,x,,,x“ x) = (0,0,K3,%,,0).
Pe'c,'ne TéL(Fb) b}/ ]Cxlfo, X;/K.:;,Xg) ,/./' [Xg/x4/0/0/,0>,

Then ST(XUX:/K;/ Ky Ks )™ g.((;/xpj-,(j/ 0,0)= 0,0,0,0,0)= 0 70(2(,,&2,2&3,2&(,&7, ,

Andd
.fangé Tg:gT%&%y”&N%gﬁ OQ,Xz/Xg/X.;,Xy?é FS—} o S

T 25 T00, KX, 0). ¢ Ky Xy & F 371 0u%0,0,00) Xeé FS 0
o :.{zs;(l,ofo,o,o>+z<+.(0/i,0,0,0>;x;/xc,éF}=goan((i,o,o,o,()),zo,i,d,qm. |
So dim tame TS = olim span(1,00,0,0,00,4,0,00)) = Z. e

:2 5 Sapposo; ﬂmf W is P;wi/%e~oliniens;okql, ancl Q/Té L(V,u}). Bove Wf

S < vl T il and only if there exists E € L) Such Wat T=ES.

Assame Hhal nall S mal[ T. ¥F¥asza Lt Tu,.., Tum ke a
bases of rame T. We show that Su,,...,Svm is linearly independent™ 'n W,
Lef C{I,..,,am /‘.’6 _SCd[Ql’l S'(Ich, 'n\“-f' O_'; q,S(/’-i-fn '_l’am SV,m = S(C{lvlf."'fqmvm)- §0‘
Q- tamVm € mllS. Since pull S < pull ‘T/‘ vt A €null T. Then
O=Ttawy, - +adma) =, Tuit" " * AmTves. Because .. Tupm o5 Linearl,
_ma/ependwﬁ o= -=am=C-

Now we can ectend Sy, -Svwm to a bass Suu-esStmm1 Sthiiees Stin of
range S. Furthermore, we can extend Sy, .., Sum, Sdi--s S Yo a basis
utromr Sy Schipe s Stim Wiroet Wi oF W Willy This basis we can use the .
linear wap lemma (34) Yo define E€LW) by ESvzTve, ESu,=0, and Ew =0,

Time Yo show fhat T=ES. We do ths by oloserving ECv=Tv fr every veV.
Let veV Sine $0hdow Su€rame S, we know that there's some |
 scalorfs ot b ln € Fosuch thaT Sy = aSvit T aaSvmt b, St o SUn=
o Ba S(au  tos Bt thptdad, Then 0= G9 = SaNj -+ it oyt -4 by Um =
g(v “O\N|"','".diw,','b.u("',"".by.(,/{n)' SO ,\/"q,(/,”"_"Clme'_[OMW"T'“bnukz € WO(U S. ‘
Recause nall § < pull T, gt V- =amVa = lou,~ -~ batn € nall T..
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Then 0= TV=ay = Gpifp— BU,=- - - brMn) =Tv-aTy-— A W= 010~ b,Tha,
Siuce B Ty€range T we krow there’s some (,,..,Cn €F sucly Pl
Tv=qWr--t¢, Tum. Sa observe:
0T v o amlvm =B Tz =T ud o v e s

= ,CITVI t 7t O TV — B0 TR T Ty~ blTb{(," oy T thn

= frad T+t Cmdm) =B Tu -~ b Tn.. . .
Since Tviees T, Ty, ..., Ty 35 [.’uecw_fy, L‘m_o(cf)ewlenh oll of those
coefbiceents are zero. o Ce= owo] b= 0. Therefore,
TV = ,CITU(."' i +,CMT‘/M:-\G([TV9Y*“,' *Aam‘r\/m. : P

Fnally,

ESv=E(Sy) = ECacgd/.*'f'*%SVm'f‘ Q),S‘d,f' "."bng(‘b/\)_
. ;.a..ESV,*"T*amESVM +~E’;E’§(,{|“'v"'*bnE§Um .
- EaJutorrroaal vt 0 =T

Okay, we proved the liconditional in one diection. Ny we must prove thet

if there's an E€LLW) gach thaf T=ES, then nall € mall T, Let vemllS,
Then Tu=ESv=FEGv)=EB)=0, where thaf last ec&wq/(‘/y s jasfl‘(f'eol by the
Lot thal |imear maps fake O Yo 0 (3.10). Sime Tu=0, veénall T..

2%. §&pp¢5é Yol Vis bte-dmensional ol S, T €LWW), Prove thal
tonge S S rame T if awd only if there existe E€LW) such that S=TE.
Assame tuere is such an E.. L&t Su€ ramge S, Than Sv=TEVZTEVE rame T,
Thevefore, range S & famge T, ‘ R T, S sV
For the conetse, assawe it rae S ramge T, Let vy i be a kasis of
nall S By thoorem 232 we can extend if fo o 04515 Ve Vs Uysorstn of V.
Br every keft,..,n} notice That Sup€ ramge 5. Thea since ramge S < ramge T,
Su€ ronge T So there must be some r€V such that Tho= Stp.. Now we can
define an E€LW) by Evp=0O and Eup=te wing the lnear map lemma (eb).

Let v €N Then there's some ay.--1ambo,,....00n € F such That
NT o Al F o £ thalhp, Observe, o i .
TEV = TE(awe: = “my, + Ut~ < hyudy) = ATEVi+ -+ A | BVt b TEU 6~ < b TEUn . —
S0+ bpr--t bnTr.a = §(0)+ b, gul"" -+ b, Su, WY ,
= S(‘MV("’.' "'quvf") + ,§(b,u,r" '+I°ﬂum,) 3 S(Q(U/f"'.*qmum’f' (OIU{'?' 'i*é’ndn,) ,

= Sv. Therefore, S=TE.




Linesr Algebra Done Right 3B
27. Suppose PeL@), and P*=P. Prove thal V= pulll P @ ramge .

Frsf', we show that N € pull P+ mnge' P. LefveV. We knaw P =P, which
mplies that O=R-Py =PO-R), Therefore v-Fv € pll P, Then observe
v= w-R)+R € mll P+ ramge P,

Because | and null PFvame P are mutually subspees of eacls other, we ko
ot = null Pxrange P. Theu hat remains is To show Hut # P+ rame P s
o ditect sam. Let ue mall P and Ru€ range P such that u+Ru=0. This imples.
u=-Ru. Ao, we can apply P fo bith sides of 0cucPu to obfwn
0=P0)= PlutPuwy= Put P = Put Pw = Purw), Thepefore, urw € pull P. Because
Utw anod u ave botly i il B, we kam $hat w = @utw)—o € pall P. So Pu=0.
Then u=-Po=C. Siuce U=Ru=0, @FH null P+ rauge P neets e comdifion
for o divect sum (1.45). wn i ol U 2 UL iR

28, Suppose DeLCPIR)) is such that deg Dp= leg p) -1 Jor every
fon-constarit polynomial p¢ PR). Brove that D is surjectve.

We stow that AR s a sibpace ot range D Let pe PR). Let m=dey p.
Than pe R(R). Vo waut to fond a basis of B(R) using only vectors wn
Vange D Let z be the }a’eﬂf}‘}f #uﬂcﬁ‘on OM.R. For Cuery .ké.ﬁ,---/!ﬂﬂ?,,we .
kuow et e DzF = (degy 2)-1=k-1. Than D¢ spap(Dzt,--D2¥?) because
none of the vectors in D24,...,Dz5% have W deglee k-17dles 2%,
So. by the confrapositive of the luear olependence lewwma (219), DA,...,D2"* is.
lihearl W(C,Deﬂﬁleﬂf i :%02) Then since. the }€M9+h of DZ‘,—.-/DZ"’*,‘ is mt+d c{t«m/}
dim MCR);W'I‘l/A ]Lheorem (233) ."'-6”5 us .DZ’/--,-/DZ"",l 15 a basis 07[’ ‘/?*I(R)

Now that we have o bass of B(R), we koow Yhete's. some scalars d../Gmer
such Yt p=aDzv +ane D2 = D't *am2™) € pange P S0 B FR)
iS5 . a subspace of ange D, W_Lﬁ‘c(.” s mll’&éﬂ/& @, més,v.qfe of P(R)- Theretore,
J)(R>; fange D anc’ D IS SC{I’JCC'“(/,Z., .

30, chppose,cpéf-(\/; F) and @+0. Suppose ueV is ot in pull . Frove that
Vel ® faw: aéFt | |
Frst, we show that VE mull @ + fau:aeF}. o C AT o
Lef VeV Tf veml ¢ then we hwe the desial resulf. Thetetore, (e may
assame that v wall @ which implics cov #0. Since yépmll @, Qu#o,
Netice g = 2424 = (o, Sultract (5)pu Yram ot sicdes to geT 0= gv-(@en.



Linear Algghra Pone fight 38

S0 0= qu-(B)au= (=G which mphes v—8u € mall 0. Foally,
V= v-&u) @ € pullo+ {auiaceF? ’ | - "//.

Now we need only shw Mool il ¢ Sau: a€ F} is a dvect cum. Let
VEnull ¢ and a8 \py@HERRE ay ¢ {anaEF}Y such thal 07v+au, Aeply

¢ To looth sedes e @e\L,O? 0)= @v+apy = apd. Sice @ #0, the prewous

equation implies Thaf a=0. Then 0=vtau=V. Giuce vzau=0, ull g+baack}
neels e condtton for o divect sum (L.45).

31 gdppbfe V fS \[‘inif(e'&henén'ohql; )( .s c( subspacé olt V; é«“ol Y :s qt ﬁ'h;‘ré'
dimensional subspace of W. Prove that there exsts Té LNW) sach that
tull T=X ond range T=Y if and only it dm X+ dwmY=dmV.

iAssiqmé 1‘,‘449?e (s ﬁach a. T. Theh b/V ‘The. fuholaheﬁfd[. Theaf?mi a{ ‘c‘hea‘" thq,és (5215,
i = HBF i nal[ T+ olime vamge T = dim X+ dim Y. o

For the comverse asswne Vot ohm X% ol Y = dwr V. Let m=cbm X apel
n=dim Y s0 dim\/= men. We kwow therds Some basis Uy...,Up of X. We
can exted it to a bases dy ... Umpie N 0F V. Also, there must be some

basis Wy, wp ot Y. Define TE€LNW) Using, the limear mep levima Gd) by Tu=0

.ancj T-\/‘= = Wk .

na” T: {V‘SV‘ T\/ :O};{qjdﬁ"" .‘"amum'f'b(\/l*'f'*bn\/n : C(,,,.,.,a,,,,lﬂ,,,..,[ah 5 F
e P, ohems & N .QVW{ ﬁqlu{f':-'!'d.mam‘f'b/\/,f a3 5 bnvun), = 0 }
= {ddt -+ Qmhm Hou - *bowiy* Ay Oy b €F
‘ . . Bk .aﬂo{ ChT(:{.lf'.“ *amTUm"‘ blTUJ.‘f""'quVn:O%,
= {q,b(,,'f“ ",“'amd'n'f‘[O;Uﬁ‘.’ +19w\/n : &?,,'.~/am,b;,..-/ bn € F
( R W O"."{W]"","*,}anwn:O} AL e Bl o ] Sadiend kg LR e AT
Since Wi Wn is linearly ma/epend’enﬁ wit ety =0 mplies ==l =0 So
Mu “ T= {Ohb(,*"," "'.dm,(/mi‘f“oz‘/l*."'*bnvm . au--qam/bur"/ bhé F ahdm bf:' :{4”:0} .
= iC{lbl,’f‘"' + AmUm *0 Q-1 Am € F}: Sf?qh((/{/;,m/ ‘/{m) = :

fangeT = {TV . Vg\/?: [T(Qu"(r."""'amumf(’\,\/tf"'"f W) &, .. »/,a/;,/é),, —-'/bn,é F}
I {O:TUl*' o *amTqm"’ IOJTUI e b)’)TVyy" Qg --y b{/.-»-/bn & F} .
, :g D+ Wit + by :.bl/ .-~/14M éF} _;.5PW(W/,—-,-/Wn>:, -
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32, §Qppase, V is: \O:Wi(e-ol;‘mehsl‘aml with dmV>1, Shaw Jrha'f q( c{[(V,)"’F
is o linear map such that ¢ (ST)=(S)¢(T) Hov all STELY), then ¢ =0.

First we show that null @ # 507, Exetcise 3A.16 Fells us there's some §,TE L0)
such Yhat STETS. Then ST-TS20. Sime ¢ST)=p(S)p(M) =TI (5) =(T5),
we can infer tt 0=q6T)-(TS) = CF(ST’TQ hicly mplies ST-TS €pall @.
Because ST-TS ¥ 0 STTS 6 mull g, we kpow Hg T ﬂuf;cﬂi 0%,

/\/ext M@@_ﬂof,‘ce; ﬁwf fmqé 7 S A sdéfpace, mc F Tlﬂel/l ,by ﬂteo'f‘em 237/
dlim rame ¢ < dim F =1, Sice the dimepsion of o Finife-climensional vector
$pace. s a. nomeﬁqﬁ‘«/e. M?Lege/, The proor .ine@aa}i{y prfieSJ:m rame ¢ € 50.1%.

Assame, with the goal of contadictng, that dim tuge ¢ =1, Let ¢T be q
hasis of range <. The cpT?é,O which ‘iMp_h‘cs ’%90 Fep o,mﬁ(, T¢ nq//.qo. o
Therefore, null @ # LU). Sivce null @¥F 0% and rull @ # L), Exerise 3417
Hdells us that null @ is not ‘I’W0-9I'.0(60( [O/ed_( of LW). Then There MMS'J‘ be.
 some E€null g and some ReLU) such that ER¢ nall % ov REE | % .
 Observe @(ERY= gE)@(R) = 0 ¢(R)=0 and @(RE)=@RIQ(E)- ¢R)}-0=0.
Therefore, ERE nall 9 ancd RE € nall o which conftaclicts ERénull ¢ o REémll @.
,Then.c/:mrme%/ﬂcp#i, , o i ,, I
So. il must be the case thal dint range &= 0. Then rame @ =10} which.
At'mp)fe.s ‘J’hfﬂL @=0. o o o o § Nege
33 Suopose that V and \/ are real vector spaces aud T€ LWW). Define
,Tc.3vff'o%Wc by Ry Terv)=Tu+iTv frall uv V. ,

a Qhaw: Hm"’ T, s a [Zamé)ex) \zweqr Wlp From Vc to We.

Let reic,urive Ve, Then Tptreis+uriv) = Te((reu) +i(s+0)) = Tirsu) #iTeet)
= Tr+Tu +iTs +Tv= TrerTs +TutiTv = Ter4i8) *Teuaiv), LeT AEF, Then
TeOw+v) = TeQu+iw) = Tau + i Tav = A(TuriTv) = ATelwsiv), |
.S‘Wou/a{l have usedd cAfrIO.b(;c iV’ﬁ’?‘“/[ 0{) A¢ F

b. Show that To 1s jective i and odly if T is injective.

Aame To 1 weve. Lef veql( T, Obsene Tow+i0)= T #iTOI=To=0.
Sce e is iwective, this mghes Hhat 0= v+i0=V. Thergfore, T is iecfive.
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] .7‘”5' Convefsé a;ﬁdme T, s ,mechae

Observe 0= lc ]

Sulafmc)r T 10/ et T —
A "(T\/) wh;ch W/J |€$

‘.Vow 1°br ﬂfa Zowérsé assawev T S MJeC"('u/e Leﬂ' u+s\/£-m¢[l Tc Obsew; ,
0= Tewrw) = Tur TV, Than Tu=Tv =0. ‘glnce,T,,s,M\;éC'[’N@ Hhis implies
u=v=0. Then utiv=0+0 0. Thetebre, T, is mective. S

¢ Show that raége: Te=We if a‘noliohl/z/ if f%e;‘r;ju/-f

\Asswe Hut f«ﬂf}@Tc =Wk, Let we W B’eéause wé \Ucf raageTz_, thae
wuoT e some Touwiw) € rame Te ¢uch that w=Toaei) = Tutilv. Spee

%WZM w=w+i0, =0, o w=TariTv= Tu¢tmeT.
Theretore, W< range T, Sime we. also oy fange TE u/ rane T=.

Now for the cowerse assume Mng;e T=W. Let weiue We. Swce wpaid-
w,u € W= qugeT, Heerels some 1,5V sucht that Tr=w and Ts=u. Then
wriu= Tr+ile =T lr+is) € chge'r So Wk & rume Te . e we alro
kvow rmge Tz € WL, pange Te =Wz, c e bR R s wek o

3C Moﬁnces

1 Suppose TeLNVW). Show That wn‘h respect Yo caclh choice of bases
of Vg cmd W, the matrix of T has at least Jam ranse T nonzero enlries.

Let vyew Vo anol .. Wi Ve arbsz’ary boses o7 V and W Vespeof.uely fak
A= M(TZV;, <, Wiy oes Wn,y Nojre how range T=9§Tv:veVvss ZTZG.V‘r <0, ,%EF}..
{a,Tui +dnT\/n Ay € F} SPW(T\/U TVn) Le‘f V= er rm}e T %%%’

Prel Le‘f b be ﬂ,,e Numbeyr of ponzelo vectors in Ty ooy TV
NCSUme—wrt—the—gaal ¢ n” confma/:cﬁm ﬂwcf 640 We kmuz_a%#

i?ef.os Jtom o

We kmaw We car! rgmoue il a Honzelp vechors %/am o ](st m[ Uecfofs wn‘h»m"
atfecting the gpan. Thotetye, thete's some Mpapadwna, oistinet
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ip €41,..n3 cach tuat spm (T, W)= span(Tuy o Tak Then
L —O’(WZ rano e T=dim s aM(WJ,, - IVn) dim Span (Tv,,. .. Vi) & b. For evety.
k€f3/ ,b§ netice how 0‘# TV = Ay, + +Am,,,,v/m Therefo/\e, there's
some Ckf‘fi/ /ng Sbtch ﬂm‘f’f\ck,;h-’ﬁo lhereqoo/e, there are
WG b z dim range T émtmes Norzero enfries of A.

2 gappose V and W we fnite-chmensional and Te LIG,W). Prove that
chm range T=1 if andl only if there ewst a lasis of V and a basis o( W
such +un with res,oecT b these bases, all autries of IVCT) equal 1.

Assame there are . some. loses V. -V oy EY i otV and W res e&Jru/elV
such that WCCT, Uy ooVt Wiy oo 1 W) = A ot all ifs entrves egua( fo 1. Lt
WEWr ot W, Sime w s a litear combinafion of a l,neqr[}// mz/epewdenf Lt

with nenzero ccalars, w#0.

We $hou/ ‘Hna'f rcmgé TC Qpaw(m Le{‘ Tv€ Vange T Tl/rew 7%/ 50}4¢€

5664(5(1/5 Qyy.- /an / V.= 0(,(/, ’ “'an N Obfer\/'e )

WT(Z@W) }TakTv;fiqk iAJ,kwd f}u(ﬁwj (Zak) +\u,1,)
(Za;)xu éigpam(r\u)‘. gty i e ol g QU B -

’,’—bw dinn r‘cmgac T< dm S/JM W)=1. Because. | | S
AW MZWJ ~Z(§}Am ) 2774 = Ty * Tua= T W%~ +UE o fage T,

k' J

We ka Than rangeT#‘fO} Tl/re/e{éve Aim Vanﬁe T=1.
1. Lef Tv érawge T such

f‘or ﬂ:e conueﬁe assawe 'H/lq Acm m e
Y04 ,-.‘ y ¢‘

\S [,Vlec(r[y [mdcpeﬂdel’/ F W
Le Twi="T | For e(/ery K€L, m-13 let de= \A/k u/k,,\

We séfow Yoat u,, c{m |/V/m s lmew’/ mo{epeno/c:ﬁ LeTL T ée
7606(7’5 SC{Ch .H'IQT 0 0((14 *am_idm,'?thwm

Zat(u/g WF-H) +arlq\l/m — Z(aw/k-dwk-(*l) .Pqt’h{(/h”

. k=l

ZWEC(MK < dy;,U/m —
k=) o
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So 0 E(JKWK QK“/HI) i a/th — auw, + z< d]r- \"/k +asz)‘—~ aw, “‘ﬁak ak(>V/\g

Since .. ey TS )mearly wndependent, g lfnau/ all the CO@#C!ﬂ'ﬂ% we O,
S0 a,=0 and 7411’ every I:E{Z ,l/ﬂ} akeag_,—O whech l’wpllé’s Qg =di-1. Then
O=0= =0, by induction. L bl T miueh sk O of SRS

5€caa;e xlzﬂ/m (,(,, ,u,,,,, ,Wm IS a [/Weatr y ,no/epenc/eﬂf' ch m[ vc’c"of’f
in L\/ \/I{'LI ’9‘4‘3{"’7 W’O{W?W 'W€0"6VV7 235 ‘ILQ(G 7 (Y o /(’/"f'l/WVld s
[00195 ot W. /450, aéseﬂ’e H/Ze pﬂ//JW/ﬂﬁ . 8%
ot U W = (W -Wo ) ¥ (Wo-Wa) +- - +(W”"7—~ W’”"l)"— (Wm e Wm) + W"’"
=\, (W W )+ W Wa) 2% Ly =Wy o1) + (4 = Wiy )
=Wt 0 =W =Tv.

Beccluw, va'O amc{ l,yzear mqps qué 0 f‘o 0 ()7 10), we kﬂaw Hﬂﬂ' \/;tO
7 2 ASRUE R H TRy A RIS NN s N s 2 ey "“\‘
The FW&LMM"/Q H/gov’em o? neaf g pS [5 ZI) 7L€ /5
us. dim V= Amn«/ T+ din tamse T = d mall T+ L. Let dgp n=cdm\) anol solve
for dim wall T 1o 9e+ O{Mlm (T o/Wt V-1=n-1. Now we byuow there’s
s0me. bas's Vi ---s¥p OXC wull T . Because T\/?FO véE mwllT= ‘5/J0Wﬁ/zw/Vw>
50 ViVey--/ Y 5 Jimearly mc/c,oewa/evf By Hheorom 2.3, vu, - SV i o
basis of \/

We show tha v, V34V, ..., VgV s lmeary ma/epem’em‘ Let dyoyan b be
scalars such that O At G(htV) + - #Qu(UgtV )= AV + Qo + BV - - - + Gyl +dn/ =
@+ Y OVt % QU - Shice ViVzy ootV IS /Meq/ly tndepaﬂo{enF all Hhose
cae@fc;eﬂﬁ ore (). {0 a;=--~=ap =0 aﬂo{ Q= a1t qn =qe() = =q, . W@’{"p@, .
VetV o, Gp+V (s [,uearly \M’fp@ﬂaén By 'HY&JW 2.38, (+S o bas's of .

Let A=W 0Nt ut VY, Wiy Uy W) . Than

A+t Uy W, —T\/ A,,C{, +AM_, U - -rAm Wy, %/ﬁb%/w/'ﬂwefa/e
A= = zAm =L, Fr. evary ke, /Y’3 notice that T(v,‘w) T =04V T\/

50 Ut A U YW= =Ty = T(Vk-e\/) A,,k(/{'r “'Am_l,k(/{m 1 Am Wi sze/efofe, ol
Al,k""’rAm, =1. Weve show that all entiies of A equal 1, s0 we have
w’o"es:‘/er/frew({' stk RSl 37 o i b STRAT 3
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—

3 Sa‘ppose’,\j‘,. -V s a lasis of V. awd Wiy Wi {5 basis of W.
o Show it 1€ ST L), then M(S+TYI= MU+ MUTD.

Lot A=NUS), B=MU(T) and (=D(S*T). We wmust show thaf C=AcB,
For every k€4%,-in¢ opserve the L llaying: >~

PG = (TN e Topm DA + 5Bt = A Bt

K 1 S : = v

= i(%ﬁ%&)\ﬂ@ - i(A*B%,M

el §=t

Sitce Uy, is linearly indlepardlont, fris ivnplié.ﬂ Wt for every Je8b,md,
.c\),k;(AfB),s,t.WthM ) 'H‘le .des,/’reo( tgsolf. , o

b Show that if AEF and TELWW) thea N(AT)=AM(T).
iLei’f A:W MO\T) a:wo( Q= M(T> We' ng ‘,5}70&/ ﬂflcﬂL A.: ?\B Em

e e d ,euery,kéﬁ,,..,_m?_ob,ser,ue:_ s U e i arh,
b o iAJ/kV/J = O\T‘)\/\g: MTVQ =5 A 85*\1/} = i)\&},&\%.

vl v

Suce e 5 litcatly adepondont, This imphes that for every j€id,..,m3,
AJ,,k??\{?j,.p(KB)j,k which s Hre decired result. S

5. Syppose \ and W are fanite-dmensional and Te LUW). Prove that there
exists a basis of V aud a hasis of W such that with respect 1o these bases,
all entiies of M(T) ave O except that the enfries in row &, columm k,
equal 1 if 14 k< dim ramge T, S -

We show that (/{},.';,U; i l}mrly iwdepehcle%f V. Let a.-a Ve scalars it
+ha+ 0‘—0(.L(,+-c~+acu<, APP)}/ T o bﬂ[h Q(deﬁ' fo, gé’lf O:Tw): q(TU;*'r'*O(CTuc.. Simee
Tuy- -/ Tue is liearly lepodent, 0= -=a.=0. | S

it g aeAA S R R v AL LeT vy be
a basis of nll T. Because Tue® 0, Ug & nall T = span(V,--1Un). Therefore, the =

s TL Upr--rYe V- -V 18 ,‘Meqrfy iﬂdepe‘?dehf T/lfS Teasoning v,’s;/f' czw?% Suricien, b‘/f ,

Yher's anothey way b ifer tre exstere of an agualat bascs,
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:Th.t ?uwdamén+a[ :Wieo/?m:o'p Iﬂwd/ mqps (3-21) :TLeU§ ué {'haf \
olim V= ol qull T + oy vamge T =0 +C = CeN. Then sitce duyole iy Yo 15
a€ ,/«‘hear/y «inc{epeuo/enJr st of lengtht ctm =dim \, Uppe gl Vs -oVp 1S a0 basis,

L?‘f' A:M(T/ <ar/—f-/(/c/ \/(/--.-/\/n)/ CTf'Ju- —'/nc/Wu- T'/WM)>' Le‘f [< be, an a(bi‘[‘f“fy_
element of $1,--4n3. Observe how for every kK £C =dlim rgnge T, |

‘ , Tzl(c i Al;kT‘M* i ”."'A(,kTUC *"A(H,K\dl oo fAcf”,*Wm B i
Since Tdy-.sTug Wy, - W i linearly indepaudent, this implies that Ape=1 andd
all the ofher A.x's are zero. FE | e

for every k>c opseve
{g= TVk = A;,.kTM.,“r' ; 'f/’\c,\chc_“ Am,kwt,"" -t _Acmr/\c\.Vm,; which implr.és .q[ ( ﬂ.,ws. are 2erQ.

6. Suppose ...V 15 @ basis of V awd We js fite-diweusiona, Suppose
T eLOW). Prove there ekisTs a basis wiy...,wn of W such thaf all aifives
W the fist column of NV(T) ave O except for possily a1 in the first

row, fiust column,
Case 10 T, =0 (véenllT)

LCJ( \\./‘/u—i-'/\'\/n e o 005’{5 6’0\/‘/ Lef A:M(T) T["eh ; o

0=Tu = AWt v AW, Sitee Wiy W is linearly independent,
A= 2A =0 which means all the afties of A=MLT) in the .#Ms?L colUmn
PR M i 4 naay &« 28 add Tedk S, T S &7 IV Je yoaibes Ui,

Case 22 Tw#0 (uédngll T

Then the _L‘S?l S 18 _)iVlear/y ,ihqlepeﬂdé‘if 17 % dW/ can be .eﬂte_”’/\?”(.
To a ,[m‘sis T\/,,u/z,,..,,wn of W. Let A=M(T, (V,,....,V,{,)/(T\/,,/W/g,,'.'IWﬂ),)' :
Then UT/,?T\/:‘—A:,;TVJ*.Az,\Wz*‘".'*An,l,\A/n. Since g Tuiwz;-- Wi [g ,/f'ﬂear/y ,
ndleperdent, this implics tal Ap=4 and Ay 2 =Ap =0 which s the
B T N O O S SO L T
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Lewma 3C.TL if V is fuite-dhwensional and TELO,W), then there
exists a basis V. p Uy e of N such that Ougmubt®Gpcmd
@ Tuy,.... Tue is a basis of ramge T . GBG(vy....vn is a basis of pul T)4

This  lewwa can ke used in ;oléce of y nsutbicient logic i Exerise X5
b establish the existence of cach a basis.

Let ...V be o basis ol nall T. Then we may . extend it to a basis
Vi)tV Uiy gt 0 N To see that Tuy.. ) Tue is linearly Mc/e,om/erz%/, o
let a0, be scalars sach tat 0=TW) = aTu+-+o, Tu = Tlaye -*adk).
So o+ v €null T. Then there’s sowe scalars by-../bn such Hat
AUt +ade = ot Vi which mphes by +bay—ad~-"~dcUe = O
Sitce . Vig-- Uy, Uige. e M. 15, liveaf/y,inc/epeno/en#, b==b,=az-=a. =0

Because A Dt iyt Vi Uy, Uy s a basis of VU, we kwow dimV=ptc.
By. the Puw,c/awterlﬁj theorem ot limear maps (321), L f m i, 2
= dim V= dim nall T+ disevange T = v+ dige vampe T Solve. for dipe vange)
to get dmrge T=C. Since Tdy.iTuc is a lmearly (wc/eperzo/enf (st of
longth < =dlim rame T, theorem 238 dells us that Tu...Tuc is a basis of
lange T.

7. Soppose. W% s a basis of W awd \/ s finite-olimensional. Suppose
Te L(V,W). Prove that there exists a basis Vi,V of V such that o\l
ontries in the Lirst row of M(T) ace O except bor possilly a 1 . the
First row, First coluwn. T i YAl a6 Ceenl Sl R

Case 1 There's some deV such fbafﬂ=,lu/,+azwzf-'*amu/m fov some
scalars wizra Cy,.)Qn.

I‘€ a:O, 'H43V' O:T@);TM = 1W,+ C(za/’z"‘"".*qﬂlﬂ/ni Céﬂfrédffff, U/.,(,..:.,V/n \
Qeiney .(iheqf’y‘im/epe%deﬂf Theredpre, d#0. Then the list u can bhe
octended to o basis Y.V of V. Lel K be an atbitery elewent of

£2,...m8. For every k, we know Tha¢s some scalars boyg,... /by such that
Tue= PuWite -+l win. A
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W@ SbOW 'I'MCI-(- U/V]_ bn_\'{/ Iot,yn(/{ iS :[;Wédf lWD/eﬁe”fJ{QW+ ﬁeJT
lm loe scalars sucl TWT' :

0'._. CUF GOy Bad) 4+ Gy bpie= cu+ch(vk ku)
ey C u + i((.k\/k Cklo,,ku = C(u --ickb/,ku + ﬁckvk '
( ick n,k)U\ +fck\/k

Sice. u,Uz, Vm is ]‘weqr[y Mc/epeﬂo/ewf, all those coetbicients ave 0. So
(=0 and 0= c~L¥albx =¢-0=¢,

Le+ A M(T C(/{,\/z_ [01,1(’([ /Vm bi,Wu)/ (wl/ /wﬂ)) T‘K’M . . ! .
.1\1[“"02‘4/:"’ ‘+apWn = Tuz= At Wit *An (Wi . thch lmplies .A, VL, Al 50, ,

A+ +A" kU »T(v;. ks T, =byelu = f:: W —b, (1w . i )
- = b,le ,kw, +imw +Z b,w |
(bl,k lo,k w +Z J/kWJ .,qwo) |
= (w, + Z ik~ b,,ka |

.Tkerepo/e,, Ik O §,nc@ f—,,»,‘“‘;;ﬁ-* =
Ak=0, we hae the olesived result:

Case 2t Therels o Ué\/ suclt that Tu= lwi+ Gyt -+ for come
ASCU{C(VS q2/ 4R -

Let Uil be. o bosis af V anol A=MT, Gy Upd, Wiy )+ Then o
ety K€LY m8, T\/k Agwite+ A H A€ 0, then |

| 1 ey Ay Dok, v Pk
T(A, VK) (Tyl< (AI/W{ +Anlwn> "A’/‘(. Ai e A?{ WV‘(

which contdicts H'»e_ Cctse\ 2 condition. .The/e,po/e,/_/\,,g =0 which (s our
_o(es;re,o( re9c;[ 'f T T
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5 qu?ose A 35 qn M'Uy-n mafnnauc/ B 6 an  pn-by- malf/i)f. ',Frwe H«m’f

(AB);,» = A;-B Jor each 1434m. In other words, show that row ; of AB
equals vy of A times B. | | | |

Because. A s o m-by 1 nafrix cma/ & & G byp matric, AR s om m—/oy—p

wftix. Then (AB%: ts o 1-by-p aftic, Sice A is a mby-n malric,

Aie 15 a Lby-n patix, S0 A5 B is Lby=p, The sawe size as BBy, .
For every 1ZKEP observe

(AR 1k = (ABDik = D1 AyrBre =201 (AirdyrBri = (A, By .

4. Suppose a=(a, ="~ an) is a L-by-n maleix ael B s an n-by-p patfric.
prove that aB=aB€  *a,Bn,-. In other words, shoy Hhal 0B is o linear
combination of te rows of B, with the scalars that multiply dhe rows
coming from o S R

Lot & be an abitry clawant of £1,...p%. Then observe
,(q8>/<,: 2v%1 OrBV‘,k— =Bkt “anBnx = (a8, "',"*'OIan,r)k,

10 Gue o ol of Fby 2 gulics Al 8 s ok A48
(5009 =02 9)#(59)=(3 8)(5 )

W12 Pwe Hat wodvix multiphcation 35 associative. Tn other wools,
suppose. A,B, wl C aie 1RgF@ay milrices uhose size are sudy that AR
makes cense. Explain why ABC) makes sance arcl prove that (ABX(= ACBC)..

Let m be the number of rows in A and 0 be the mumber of columss Since AR
okes sanse, B must have n rows, LeV p.be e pumber of colymns i B. Then
AR is an mebyp matfris. Siuce (BX nakes sowse, < mist pave p rows. Let ¢
be the number of. cdumgs i (. HBTLBEZE Gt Pecarse B is n-by-p and |

Cis pby-g, BCis woliol and refers o an n-by4 mafric. Theretoe, ABC) is.
valid anl refers o aman m-by~q mafric. " . o

L]

. ﬁnr eéery )éfi,/M} md kfﬁ:ﬂ-/@?, OiL’SWGV(/C?‘- N
 (080s= L= LI )
| .= ZA&,V(QC)r,k = KA(BC)L/K e

b
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13. 54 ppose A is an n-ley-n wafrix and 1<, k< n. Shw that the eery
n fow j, columm k of A3 is mezr (AJ;PAP"Ark 1 R = D,

iA k «AA)A >’\‘ Z('W’VA” Z:iAerAP/"Ahk ZiAvPAPrArK

W=l pl

14, §UFPOS€ m Gt qudl 1 ave positive \mLegerv Pove that e ﬁwﬁom AHA* |
.»so«)wearmppfonvF"‘)an S 2 b

.Lejf A OW{ B be m’by n matrices, —ﬂlzen ob5erue hgw for every Jfﬂ, ,m? am[
kef1,. . 3, {Ar BB Rl U e (m+8)f)k.—(A+r>>>J = At ,k—(A*) +(87>r
(ABDy ;. Let A6 F. Then (A, = (A = AAW )\(A >kJ, Z(AA* ki
Therefors, AnAT ic o lineow pmap - | |

19 Pfove thq'r :'F A s cmmbyrn matrix auol (i an n-byp mq?‘nx ﬂwn‘_
GOt=CA.

For very efl, m% and kéfi /P}/
((AO*)):N = (AC)MC erlAJ,rCr,k/ 1 (A n\,((ft)k/ Zr—t(C*)k, (/Wr,\,—— (C?At)ku |

16 §up,pose A s an m- y—Vl mateis with A*0. Prwe Yot the rank of A 151
/@ a”d On‘y I{ 'er"e €R:S1‘ [‘l, ,C»,)é Fm aMd (Ol“ .y n)éF:n SUCh ﬂ'ldf—
AJ k ’C‘Jdk \dOV' every J’if wm ama{ ewery k 1/ 7N, )

A{sume Yt rank A= l thetides then theres come 1- lo “n mmLm( |

D=(di - dn) such ﬂrm‘f D is a basis of He span of/l ¢ o Let i be |
an afb +far// eleyent of £1,..,m% and k e an aré,Hal’y elemeyt of {1; /3. T)«n |
Loy e(/ery i, there WGfbe same ci€F such thet AJ, ~CJD | |

Now gbseve: el Dol 4
AJ/k = (A \< = (CJ D>k— C Dk _(;{CJéK Thew (CI, /Cm) ,QHGI (dl/...,dn.\ ore

the olesired. vectors in F an

For the COMvere assume. that theres some €. . Cn) € 7 aud . some
(a’;, /C){/})é F Sa(;h -qu; AJ,\C CJO(\:, h% Jgpan (AJ// /Am/ >N

.{Q\A/, +G(MAM/ & . ,améFZ fM,(Az,x /41, o "‘ﬂm(Am,[ Amh .. ,améF}_
f%(ﬁdt"‘,C:dn)*"i*am(ﬁmdl “Gncln? ¢ a,. ,4,"5?:} fa,é(cJ(, dn)+ +amcm0‘1{ oh):a,. ,awaf.
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So spah%, ot B 12 5@ % Onl) (- da) o, /ﬂméP} fald+ d): OIGF}_
fFuM((CII o(n)> . : .

W4

- dn)= 0, then A8~ Dr SPUW((«;/ A )= 0%, So Ao eVery
y=1pm dV’O{ k= 1/ Y1 Ad/k (A,)/) # Since /43/ 55;0QM((0/ ‘oln)) = 0%,
A =0 50 Ak ’644/ X=0=0. wh:ch nmp lies A=0. However, becouse A#D
we ttow 'Haa+ W--dn)EO. .

Then @ ola) is a (neary MJepeﬁdeﬂf st 4 ﬁvoﬂL WG soan (4. //% :
50 Uh-clh) is o (00;6 O'(: 4@6% %OQM[ZL}I// /Aﬂr/ T['iei’eléOf& o ‘
OIIWI §pqh(14;,/ //4,41, V wh‘ch M{F//eS ‘l’he raﬂ/é o'{‘\ A I 1

17. Suppese. TELW) anl uy...,thn and Uiy...Vn ave loases of V. Prave that
the following are equd/a(ewf | | R gHaT wbe vl TR
@ Vs ,mec+:ve

®) The columns of MLT) ove Luearly Moleponalenf n F

«©) The colums of M(T) spat F™ | .

) The rows of M(TY pun F"" :

() The rows m“ Wt T) owe l‘ueav ;no/epeudenf n F "

Frs)f We slfau/ ﬂ\qu ‘(Ol) IH b). F‘N A=M(T 'é’ar Hq& 9/{7%'!-6/9[0072'.

ASSWM Ca [ nS (m60+ Ve T(aem we ca s//ow f&qf Ttl,, ,Tan (s f:nequ;/

ndle eydgﬂf by consideling scalars oty @ Sucly thal O=aTut <anlu,=

T(a,qw -+ Aatha). . Then: A k- + Culhn € nall T= §0§ S0 Yt TGl = 0
which. imples a,=-=an=0- S

Now we shaw @ Yhe columts of NLT) are lmearly Ma/epena/eﬁ by cokfﬂd’eymg
scalars a,, ... am such thal

Al/ AN QKAIIK . Zk"OKA‘/ |
6= ZakA;k Zak( _. )rZ( 3 ) ( )
kl

=l \Ank e PAmx Z\° 'QKAV’;K .
',wi, -, h 0= Z}k 14 A,,]c Now obsefve

50 'I(lov eQev DSt
i dTb(k f ak(z Ay kv) iq“AJ/“V' /Z(iatﬁwg\/ = z \{, =i =
SIV?Ce 'Tu.; /Tdm S )rV/edY \wdepem@# ‘Wrg WP [€5 -fh‘i-{' Y= 'a,;zb. _
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For the comerse aSsume W) Me. colums of /4 we cweowly independent.
To. show that” T 3 '”J€C7Lf(/€/ we dow that ndl T=10%. LeT wemll 1
Sitce dy,...ln s a basis of \, therels some 560/4{’5 Ay such thal
W=+ * aply , Fecause Wénull T,

0= Tw—'iak—r“k iﬂg(éi‘\a/k\b) ( ”lr w)

!

,wh;ch lm lzeS ﬂmf' 1%{ €Vefy ‘;‘1 4 h Zp :agA,,g"O f\/ou/ observz

. A Al, Q;A;,):) (Z‘k 'qFAl/k ) (0)
_ Q,( k=) Q =) sl 0
Z Z k(An, ) ;(dﬂqﬂl Tike !QgAn, \0

,Becaa;é Hhe Co/mffﬂi of A ave liuearly Mc/ependcﬂf tis oplies Phat oyz--7a,= 0,
50 WUt FOully = Ouce -t Oy = o | o -

Next we skow that (o) itf ).

Aﬁéuyﬂé(!o) ﬂze‘CO[WS of A ate lmarly rc/ffé’"o/c’”f \‘q/,/‘r/ ,4//
/,W)'(( 7 Z. ,Y{K\V’&Ea{ = wmvan"l)t T |
By theofem 5 40 dim F ’l—nl . Then sie he colyms m” Aare. o 1
linearly independent /51L m‘j lewgth 1= =dimr F"* ", we. kuwow by Theorem 2. 36 that

Yhepre a pasis of B which mphes Hhal 7Ll//e/(/ 5pam Eite) |

Assume () The w!unm; ot A spam F™. Then sice the colums of A weg
leu’g% n=dlim F that spans F™, theorem 241 +lls us, Jegre o basis ot
F™, which wplies that thayve Lneoa/& mdepem’mf I F (b)

R/ swm[al’ IOQIC Q/) J‘P‘F (€>
Now we show hat () itF ).

hesume. () The columns. of A spam E" . Then fhe rark of A s n. So fhe.
dimension ot the AarsIATHI. spal. 07[ the rows of A s n. Because o
subspace ot fyll a//wenmn ec;qa/; fhe u/ho/e space (2.39), we. fnow {haﬂ‘ (o) the
rows of A 5pam o | | | A e

Assame. (o) Yhe tows of A 5,001/1 FY T(ka Jﬂ'é rcrmklo{’\ /4 ,fvﬁ Then the dmerson ‘
mﬁ e Spout of the colums of A is n. Se on theorem 2. 5"’( &) the columns o A
PN F"A. Then @y iff 0) if'f () i¥F () HF (e). S



